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Abstract
Following recent advances in the local theory of current-algebraic orbifolds we present the basic
dynamics - including the twisted KZ equations - of each twisted sector of all outer-automorphic
WZW orbifolds on so(2n). Physics-friendly Cartesian bases are used throughout, and we are able
in particular to assemble two Z3 triality orbifolds and three S3 triality orbifolds on so(8).
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1 Introduction
In the last few years there has been a quiet revolution in the local theory of current-algebraic
orbifolds. Building on the discovery of orbifold affine algebras [1, 2] in the cyclic permutation
orbifolds, Refs. [3, 4, 5] gave the twisted currents and stress tensor in each twisted sector of any
1
current-algebraic orbifold A(H)/H - where A(H) is any current-algebraic conformal field theory
[6-11] with a finite symmetry group H. The construction treats all current-algebraic orbifolds at
the same time, using the method of eigenfields and the principle of local isomorphisms to map
OPEs in the symmetric theory to OPEs in the orbifold. The orbifold results are expressed in
terms of a set of twisted tensors or duality transformations, which are discrete Fourier transforms
constructed from the eigendata of the H-eigenvalue problem.
More recently, the special case of the WZW orbifolds Ag(H)/H, H ⊂ Aut(g) was worked
out in further detail [12, 13, 14], introducing the extended H-eigenvalue problem and the linkage
relation to include the twisted affine primary fields and the twisted KZ equations of the WZW
orbifolds. The general form of the twisted KZ equations is reviewed in Sec. 2. There has also
been progress in WZW orbifolds at the level of characters [15, 1, 16, 17].
In addition to the operator formulation, the general WZW orbifold action was also given in
Ref. [12], with applications to special cases in Refs. [12, 13, 14]. The general WZW orbifold action
provides the classical description of each sector of every WZW orbifold in terms of appropriate
group orbifold elements, which are the classical limit of the twisted affine primary fields. Moreover,
Ref. [18] gauged the general WZW orbifold action by general twisted gauge groups to obtain the
general coset orbifold action.
In this paper we illustrate the general formulation of WZW orbifolds by working out another
large class of examples in further detail. In particular, we use physics-friendly Cartesian bases to
describe the basic dynamics, including the twisted affine Lie algebras, the twisted affine-Sugawara
constructions and the twisted KZ equations of all the outer-automorphic WZW orbifolds on
so(2n) ∼= spin(2n). This includes two Z3 triality orbifolds and, somewhat surprisingly, three S3
triality orbifolds on so(8) ∼= spin(8).
Some remarks about general WZW orbifolds are also included. In particular, Subsec. 4.2
completes the solution of the rectification problem [12] for all the basic twisted right-mover current
algebras, and Subsec. 4.3 completes the computation of the scalar twist-field conformal weights
for all sectors of all the basic WZW orbifolds.
2 The Twisted KZ Systems of the WZW Orbifolds
We begin by reminding the reader that twisted KZ systems are now known [12, 13, 14] for the
correlators in the scalar twist-field state‡1 |0〉σ = τσ(0)|0〉
Aˆ+(T , z, σ) ≡ σ〈0|gˆ+(T (1), z1, σ)gˆ+(T (2), z2, σ) · · · gˆ+(T (N), zN , σ)|0〉σ (2.1a)
Aˆ−(T , z¯, σ) ≡ σ〈0|gˆ−(T (1), z¯1, σ)gˆ−(T (2), z¯2, σ) · · · gˆ−(T (N), z¯N , σ)|0〉σ (2.1b)
‡1For the inner-automorphic WZW orbifolds a different set of twisted KZ equations [12] was given for the corre-
lators in the untwisted affine vacuum state.
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Jˆn(r)µ(m+
n(r)
ρ(σ) ≥ 0)|0〉σ = σ〈0|Jˆn(r)µ(m+ n(r)ρ(σ) ≤ 0) = 0 (2.1c)
ˆ¯Jn(r)µ(m+
n(r)
ρ(σ) ≤ 0)|0〉σ = σ〈0| ˆ¯Jn(r)µ(m+ n(r)ρ(σ) ≥ 0) = 0 (2.1d)
σ = 0, . . . , Nc − 1 (2.1e)
in each sector σ of any WZW orbifold Ag(H)/H. Here Nc is the number of conjugacy classes of
the original symmetry group H, Jˆn(r)µ(m +
n(r)
ρ(σ) ) are the modes of the twisted current algebra
[5, 12] of that sector and
gˆ(T , z¯, z, σ) = gˆ−(T , z¯, σ)gˆ+(T , z, σ) (2.2)
is the twisted affine primary field in twisted representation T = T (T, σ) of sector σ. The sector
σ = 0 is the symmetric theory Ag(H), H ⊂ Aut g where the currents and affine primary fields are
untwisted and the scalar twist-field state |0〉0 = |0〉 is the untwisted affine vacuum.
The scalar twist-field states exist for all sectors of all current-algebraic orbifolds. The reason
[14] is easy to understand in the equivalent form
Jˆn(r)µ(m+
n(r)
ρ(σ) > 0)|0〉σ = 0, Jˆ0µ(0)|0〉σ = 0 . (2.3)
The first condition holds for any primary state of any (infinite-dimensional) Lie algebra and the
second condition restricts our attention to the “s-wave” or trivial representation of the resid-
ual (untwisted) symmetry of the sector. For the WZW permutation orbifolds and the outer-
automorphic WZW orbifolds on simple g, the scalar twist-field state is also known to be the
ground state of each sector.
For each sector σ of any WZW orbifold Ag(H)/H, the twisted left-and right-mover KZ systems
are
∂κAˆ+(T , z, σ) = Aˆ+(T , z, σ)Wˆκ(T , z, σ), , κ = 1 . . . N, σ = 0, . . . , Nc − 1 (2.4a)
Wˆκ(T , z, σ) = 2Ln(r)µ;−n(r),νgˆ(σ) (σ)
∑
ρ6=κ
(
zρ
zκ
) n¯(r)
ρ(σ) 1
zκρ
T (ρ)n(r)µT
(κ)
−n(r),ν − n¯(r)ρ(σ)
1
zκ
T (κ)n(r)µT
(κ)
−n(r),ν
 (2.4b)
∂¯κAˆ−(T , z¯, σ) = ˆ¯Wκ(T , z¯, σ)Aˆ−(T , z¯, σ), , κ = 1 . . . N, σ = 0, . . . , Nc − 1 (2.5a)
ˆ¯Wκ(T , z¯, σ) = 2Ln(r)µ;−n(r),νgˆ(σ) (σ)
∑
ρ6=κ
(
z¯ρ
z¯κ
) n¯(r)
ρ(σ) 1
z¯κρ
T (κ)n(r)µT
(ρ)
−n(r),ν − n¯(r)ρ(σ)
1
z¯κ
T (κ)n(r)µT
(κ)
−n(r),ν
 (2.5b)
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Aˆ+(T , z, σ)
 N∑
ρ=1
T (ρ)0,µ
 =
 N∑
ρ=1
T (ρ)0,µ
 Aˆ−(T , z¯, σ) = 0, ∀ µ (2.6a)
T (ρ)T (κ) ≡ T (ρ) ⊗ T (κ), zκρ ≡ zκ − zρ, z¯κρ ≡ z¯κ − z¯ρ . (2.6b)
Here ρ(σ) is the order of the automorphism hσ ∈ H and the integers n(r) and their pullbacks
n¯(r) are obtained from the H-eigenvalue problem of sector σ. The twisted tensors Lgˆ(σ)(σ) and
T = T (T, σ) are respectively the twisted inverse inertia tensor and the twisted representation
matrices, formulas for which are given in Ref. [12], and the relations in (2.6a) are the Ward
identities of the residual symmetry algebra of each sector σ. In the untwisted sector σ = 0, the
twisted KZ systems reduce to the ordinary KZ system [19] of the symmetric theory Ag(H).
The explicit form of the general twisted KZ system (2.4)-(2.6) has so far been worked out for
the following cases:
• the WZW permutation orbifolds [12, 13, 14]
• the inner-automorphic WZW orbifolds [14] on simple g
• the (outer-automorphic) charge conjugation orbifold on su(n ≥ 3) [13].
Ref. [13] also solved the twisted vertex operator equations and the twisted KZ systems in an
abelian limit to obtain the twisted vertex operators for each sector of a very large class of abelian
orbifolds‡2. The WZW permutation orbifolds also exhibit an extended operator algebra including
twisted Virasoro generators [1, 21, 14] and finally - with emphasis on the WZW permutation
orbifolds - the general twisted KZ system has been used to study the reducibility [14] of the
general twisted affine primary field.
In what follows, we apply the general theory of WZW orbifolds to work out the basic dynamics
of all the outer-automorphic WZW orbifolds on so(2n), including the triality orbifolds on so(8).
The explicit forms of all the relevant twisted KZ systems are found in Subsec. 4.4. Except for our
discussion of the rectification problem in Subsec. 4.2 and the action formulation in Subsec. 4.6, we
concentrate for brevity on the twisted left-mover systems - but the twisted right-mover systems
[12, 13, 14] can be easily evaluated with the same data.
3 The Currents and Symmetries of so(2n) and so(8)
For accessibility in physics we begin in the standard Cartesian basis of so(2n), where the OPEs
of the currents of affine so(2n) are
Jij(z)Jkl(w) =
2k(eij)kl
(z −w)2 +
i
z − w (δjkJil(w)+δilJjk(w)−δikJjl(w)−δjlJik(w))+O(z−w)
0 (3.1a)
(eij)kl ≡ 1
2
(δikδjl − δjkδil), i, j = 1 . . . n, Jij(z) = −Jji(z) . (3.1b)
‡2An abelian twisted KZ equation for the inversion orbifold x→ −x was given earlier in Ref. [20].
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Here we have chosen root length ψ2 = 2 for so(2n ≥ 4) and the invariant level of so(2n ≥ 4) is
x = 2k/ψ2 = k. The antisymmetric tensors {eij} satisfy
(eij)klJkl(z) = Jij(z), (eij)ij =
1
2
, Tr(eijekl) = −(eij)kl (3.2)
and the n(2n − 1) independent currents of so(2n) are obtained by choosing 1 ≤ i < j ≤ 2n. In
what follows we discuss the action of the various outer automorphisms (see the table in App. A)
of g = so(2n) and so(8) in the notation of Refs. [3, 5]
Jij(z)
′ =
∑
k,l
ωij,klJkl(z) ≡ ωij,klJkl(z), ωij,kl = −ωji,kl = −ωij,lk (3.3)
where the matrix ω ≡ ω(hσ) is the action of the automorphism hσ ∈ H ⊂ Aut g in the adjoint.
Moreover, because it will facilitate transition to the orbifold, we will insist in this paper on finding
bases in which the action ω of each automorphism is diagonal.
3.1 The parity automorphism P
As defined below, the parity automorphism P on so(2n) is a Z2-type outer automorphism for all
2n ≥ 6. For 2n ≥ 8, P is equivalent to the exchange of the two rightmost nodes of the Dn Dynkin
diagrams and for so(6) it is equivalent to the exchange of the outer nodes of the Dynkin diagram
of su(4). Then we know that, up to a unitary transformation, P maps S ↔ C where S and C
µS =
1
2
n∑
i=1
σiei, σi = ±, (even number of +) (3.4a)
µC =
1
2
n∑
i=1
σiei, σi = ±, (odd number of +) (3.4b)
are the Weyl spinor reps of spin(2n) with opposite chirality (see also App. B).
To obtain a diagonal basis for P, we label the currents as follows
Jij(z) = {Jµν(z), Jµ(z) ≡ Jµ,2n(z)}, µ, ν = 1, . . . , 2n − 1 (3.5)
where the set {Jµν(z)} generates an affine so(2n− 1) at the same invariant level x. In this basis,
the OPEs of affine so(2n) read
Jµν(z)Jρσ(w) =
2k(eµν)ρσ
(z − w)2 +
i
z − w (δνρJµσ(w)+ δµσJνρ(w)− δµρJνσ(w)− δνσJµρ(w))+O(z−w)
0
(3.6a)
Jµν(z)Jρ(w) =
i
z − w (δνρJµ(w)− δµρJν(w)) +O(z − w)
0 (3.6b)
Jµ(z)Jν(w) =
kδµν
(z − w)2 −
i
z − wJµν(w) +O(z − w)
0 . (3.6c)
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The automorphism P acts on the currents as
ωµν,ρσ = (eµν)ρσ, ωµ,ν = −(eµ,2n)ν,2n = −δνµ (3.7a)
Jµν(z)
′ = Jµν(z), Jµ(z)
′ = −Jµ(z) (3.7b)
where the sign reversal of the vector current is a “parity” transformation. This action corresponds
to the coset decomposition g = h+ g/h, where h is the invariant subalgebra and
g
h
=
so(2n)x
so(2n− 1)x , n ≥ 3 (3.8)
is a symmetric space. As seen in the table of App. A, these symmetric spaces correspond to
the outer automorphisms in entry iv) and the “alternate” charge conjugation automorphism (see
Ref. [13]) on su(4)
so(6)
so(5)
=
su(4)
C2
=
su(4)
sp(2)
(3.9)
given in entry iii) of the table. Note that all Z2-type automorphisms, inner or outer, correspond
to symmetric space decompositions, and vice-versa, but not all symmetric space decompositions
correspond to outer automorphisms.
3.2 The charge-conjugation automorphism C
For any Lie g, the charge-conjugation automorphism C ∈ Z2 is equivalent to sign reversal {µ(T )→
−µ(T )} of all weights µ of any irrep T . Correspondingly, the action T ′ of C on any matrix irrep
T of Lie g is unitarily equivalent to T¯
T ′ ≡ ωT ∼= T¯ ≡ −T t (3.10)
where t is matrix transpose. See Ref. [13] for the diagonal action of C in the standard Cartesian
basis of su(n).
To obtain a diagonal basis for C on so(2n)x, we label the currents as follows
Jij(z) = {JAB(z), JIJ (z), JAI (z)} (3.11a)
i = (A, I), A = 1 . . . n, I = n+ 1, . . . , 2n (3.11b)
so that the zero modes of the currents {JAB(z), JIJ (z)} generate the subalgebra (so(n)⊕so(n)) ⊂
so(2n). In this basis, the OPEs of affine so(2n) read
JAB(z)JCD(w) =
2k(eAB)CD
(z − w)2 +
i
z − w (δBCJAD(w) + δADJBC(w)− δACJBD(w)− δBDJAC(w))
+O(z − w)0 (3.12a)
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JIJ(z)JKL(w) =
2k(eIJ )KL
(z − w)2 +
i
z − w (δJKJIL(w) + δILJJK(w) − δIKJJL(w)− δJLJIK(w))
+O(z −w)0 (3.12b)
JAB(z)JIJ (w) = O(z − w)0 (3.12c)
JAB(z)JCI(w) =
i
z − w (δBCJAI(w)− δACJBI(w)) +O(z − w)
0 (3.12d)
JIJ(z)JAK(w) =
i
z − w (δJKJAI(w)− δIKJAJ(w)) +O(z − w)
0 (3.12e)
JAI(z)JBJ (w) =
kδABδIJ
(z − w)2 −
i
z − w (δABJIJ (w) + δIJJAB(w)) +O(z − w)
0 . (3.12f)
The diagonal action of C in this basis
ωAB,CD = (eAB)CD, ωIJ,KL = (eIJ)KL, ωAI,BJ = −(eAI)BJ = −δABδIJ (3.13a)
JAB(z)
′ = JAB(z), JIJ(z)
′ = JIJ(z), JAI(z)
′ = −JAI(z) (3.13b)
is an automorphism of the OPEs (3.12). The action (3.13) defines the symmetric space
g
h
=
so(2n)x
so(n)xτ(n) ⊕ so(n)xτ(n)
, τ(n) =
{
2 for n = 3
1 for n ≥ 4 (3.14)
with invariant subalgebra h = so(n)⊕ so(n).
To see that C is equivalent to charge conjugation on so(2n) ∼= spin(2n), note that the choice of
Cartan subalgebra {Ji,2n−i, i = 1 . . . n} is entirely in g/h. Then the action of C on these Cartan
currents is
Ji,2n−i(z)
′ = −Ji,2n−i(z), i = 1 . . . n (3.15)
and, as required by charge conjugation, C reverses the sign of all weights as measured by this
choice of Cartan subalgebra.
Of course, this choice is equivalent to any other choice of Cartan subalgebra, for example the
standard choice {J2i−1,2i, i = 1 . . . n}. For so(4r) the action of C on these Cartan currents is
J2i−1,2i(z)
′ = J2i−1,2i(z), i = 1 . . . n, n = 2r (3.16)
so that sign reversal of all weights is equivalent to no sign reversal and
T ′ ∼= T¯ ∼= T, ∀ T on so(4r) ∼= spin(4r) . (3.17)
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This is in agreement with the table in App. A, which tells us that
• C = inner automorphism of so(4r) (3.18a)
• C ≃ P = outer automorphism of so(4r + 2) (3.18b)
where P is the Dynkin automorphism of so(2n). More precisely, (3.18b) means that ω(C) = Kω(P)
where K is an inner automorphism which acts non-trivially. Another way to understand (3.18)
is as follows: Since C reverses the sign of each weight, it is easy to check from the weights (3.6)
that C maps
S ↔ C for so(4r + 2) ∼= spin(4r + 2) (3.19a)
S → S, C → C for so(4r) ∼= spin(4r) (3.19b)
which confirms the statement in (3.18).
3.3 The interpolating automorphisms {A(2n; r)}
We consider next a set of Z2-type automorphisms of so(2n)
{A(2n; r)}, r = n, . . . , 2n− 1 : g
h
=
so(2n)x
so(r)xτ(r) ⊕ so(2n − r)xτ(2n−r)
(3.20)
which, as we shall see, interpolates between the automorphisms P and C described above. More
precisely, we find that the “endpoints” of the sequence are
A(2n;n) = C, A(2n; 2n − 1) = P (3.21)
as one might expect by comparison of the symmetric spaces in (3.20) with those in (3.8) and
(3.14).
To describe the action of {A(2n; r)}, it is convenient to employ the same notation used above
for C, now with the more general ranges
{A(2n; r)}, r = n, . . . , 2n− 1 (3.22a)
Jij(z) = {JAB(z), JIJ (z), JAI (z)}, (3.22b)
i = (A, I), A = 1 . . . r, I = r + 1, . . . , 2n (3.22c)
ωAB,CD = (eAB)CD, ωIJ,KL = (eIJ )KL, ωAI,BJ = −(eAI)BJ = −δABδIJ (3.22d)
JAB(z)
′ = JAB(z), JIJ(z)
′ = JIJ(z), JAI(z)
′ = −JAI(z) . (3.22e)
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Bearing these ranges in mind, the OPEs (3.12) are in a diagonal basis for all {A(2n; r)}.
According to the table of App. A, the automorphism A(2n; r) is an outer automorphism of
so(2n) only when r is odd, and an inner automorphism when r is even. This gives for example
the Z2-type outer automorphisms
A(6; 3) :
so(6)x
so(3)2x ⊕ so(3)2x , P = A(6; 5) :
so(6)x
so(5)x
(3.23a)
A(8; 5) :
so(8)x
so(5)x ⊕ so(3)2x , P = A(8; 7) :
so(8)x
so(7)x
(3.23b)
A(10; 5) :
so(10)x
so(5)x ⊕ so(5)x , A(10; 7) :
so(10)x
so(7)x ⊕ so(3)2x , P = A(10; 9) :
so(10)x
so(9)x
(3.23c)
for so(6), so(8) and so(10). More generally, {A(2n; r)} contains m distinct Z2-type outer au-
tomorphisms for so(4m) and m + 1 for so(4m + 2), and this list includes all the Z2-type outer
automorphisms given in the table for so(2n).
Since all the Z2-type outer automorphisms are inner-automorphically equivalent to the Z2-
Dynkin automorphism, we have
C = A(2n;n) ≃ A(2n;n+ 2) ≃ · · · ≃ A(2n; 2n − 1) = P, for n odd (3.24a)
A(2n;n+ 1) ≃ A(2n;n + 3) ≃ · · · ≃ A(2n; 2n− 1) = P, for n even . (3.24b)
We emphasize however that each automorphism A(2n, r), r = n, . . . , 2n− 1, inner or outer, gives
rise to a physically distinct twisted sector.
We also note that the parity automorphism P = A(2n; 2n − 1) is the only automorphism in
{A(2n; r)} which is an outer automorphism of so(2n) for all n. Moreover, the charge-conjugation
automorphism C = A(2n;n) is the only automorphism in {A(2n; r)} for which a full set of Cartan
generators (see Eq. (3.15)) is in g/h - and hence the only one which is equivalent to sign reversal
of all the weights of each spin(2n).
In what follows, we defer to the mathematicians by treating the case of P = A(2n; 2n − 1)
separately, but we will often include C = A(2n;n) as a special case of the full set {A(2n; r)}.
3.4 The triality automorphism T1
In this subsection we consider the first triality automorphism T1 ∈ Z3 which, as we shall see, is
equivalent to the Dynkin automorphism in entry viii) of the table in App. A. In this discussion
we will use the notation
{Jij(z)}, 1 ≤ i < j ≤ 8 ; {Jµν(z)}, 1 ≤ µ < ν ≤ 7 (3.25)
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for the currents of so(8) and so(7) respectively.
We recall first the sequence of maximal subalgebras
so(8)x ⊃ so(7)x ⊃ (g2)x (3.26)
each with embedding index one. Refs. [22, 23] include discussions of this embedding, but we can
work out what we need from the fact (see e.g. Ref. [24]) that g2 is the subalgebra of so(7) which
leaves invariant the octonionic structure constants.
For the octonions {1, iµ} we will use the basis
iµiν = −δµν + gµνρiρ, µ, ν = 1 . . . 7 (3.27a)
g123 = g247 = g451 = g562 = g634 = g375 = g716 = 1, gαρσgβρσ = 6δαβ (3.27b)
and then we need to solve for the 14-dimensional subspace of g2 currents {JA(z)}
JA(z) = (ρA)µνJµν(z), A = 1 . . . 14 (3.28a)
(ρA)αα′gα′βγ + (ρA)ββ′gαβ′γ + (ρA)γγ′gαβγ′ = 0, (ρA)νµ = −(ρA)µν . (3.28b)
An explicit form of the fourteen ρA’s in a trace-orthogonal basis
Tr(ρAρB) = −1
2
δAB , gαµν(ρA)µν = 0, ∀ A,α (3.29)
is given in App. C. The ρ’s are proportional to the 7× 7 matrix representation T (7) of the 7 of g2
T
(7)
A ≡ 2iρA, [T (7)A , T (7)B ] = ifABCT (7)C (3.30a)
fABC ≡ −4Tr([ρA, ρB ]ρC) (3.30b)
where fABC are the structure constants of g2. The second part of (3.29) tells us that the remaining
seven currents in so(7) can be taken as
Jα(z) ≡ gαµνJµν(z), α = 1 . . . 7 . (3.31)
These and the other seven currents Jα8(z), α = 1 . . . 7 of so(8) transform as 7’s of g2.
It is convenient to introduce the following linear combinations of the two 7’s
J±α (z) ≡
1√
2
(Jα8(z)± i
2
√
3
Jα(z)), α = 1 . . . 7 (3.32)
which also transform as 7’s under g2. Then the so(8) current algebra takes the form
JA(z)JB(w) =
kδAB
(z − w)2 +
ifABCJC(w)
z − w +O(z − w)
0 (3.33a)
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JA(z)J
±
α (w) = −
(T
(7)
A )αβJ
±
β (w)
z −w +O(z − w)
0 =
ifAαβJ
±
β (w)
z − w +O(z − w)
0 (3.33b)
J±α (z)J
±
β (w) = ±
√
2
3
gαβγJ
∓
γ (w)
z − w +O(z − w)
0 (3.33c)
J±α (z)J
∓
β (w) =
kδαβ
(z − w)2 +
ifαβAJA(w)
z − w +O(z − w)
0 (3.33d)
where gαβγ are the octonionic structure constants in (3.27b), fABC are the g2 structure constants
in (3.30b) and
fAαβ = fαβA = −2(ρA)αβ = i(T (7)A )αβ . (3.34)
App. C collects some steps and identities used in deriving Eq. (3.33).
The result (3.33) is the desired diagonal basis for the action of the triality automorphism T1:
ωA,B = δAB , ωα±,β± = δα,βe
∓
2pii
3 (3.35a)
JA(z)
′ = JA(z), J
±
α (z)
′ = e∓
2pii
3 J±α (z) . (3.35b)
A = 1 . . . 14, α = 1 . . . 7 . (3.35c)
In agreement with entry viii) of the table in App. A, we see that the triality automorphism T1
defines the coset space
g
h
=
so(8)x
(g2)x
(3.36)
which is not a symmetric space.
3.5 The triality automorphism T2
We turn finally to the second triality automorphism T2 (see entry ix) of the table in App. A, which
is inner-automorphically equivalent to the triality automorphism T1 but defines the inequivalent
coset space
g
h
=
so(8)x
su(3)3x
(3.37)
with invariant subalgebra h = su(3) instead of h = g2 for T1. In this discussion, we shall use the
standard (Gell-Mann) Cartesian basis
ηAB = δAB , fAB
C = fABC , A,B,C = 1 . . . 8 (3.38)
to describe the su(3) and, in this basis, any matrix irrep T of su(3) satisfies
T †A = TA, [TA, TB ] = ifABCTC (3.39a)
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T¯A = −T tA, T¯ †A = T¯A, [T¯A, T¯B ] = ifABC T¯C (3.39b)
where t is matrix transpose. Note that we have introduced two equivalent labellings for the same
indices A,B, i, j = 1 . . . 8 where i, j are also the vector indices of the generators Jij of so(8).
We consider first the su(3) currents as they are embedded in the affine so(8). These may be
taken as
JA(z) ≡ − i
2
(T adjA )ijJij(z) = −
1
2
fAijJij(z) = −1
2
fABCJBC(z) (3.40)
where {T adjA } is the adjoint rep of su(3), and we find from (3.1a) that these currents satisfy
JA(z)JB(w) =
keffδAB
(z − w)2 +
ifABCJC(w)
z − w +O(z − w)
0 (3.41a)
keff ≡ k
Qsu(3)
2
, Qsu(3)δAB = fACDfBCD . (3.41b)
Then we may compute the invariant level xsu(3) of the su(3) currents
xsu(3) =
2keff
ψ2
su(3)
= kh˜su(3) = 3k = 3x ⇒ ψ2su(3) =
2
3
, Qsu(3) = 2, keff = k (3.42)
in agreement with the embedding shown in Eq. (3.37).
The rest of the so(8) currents transform as the 10 and 10 of h = su(3). We find the explicit
form of these currents as
J±IJK(z) =
1
4
e±
pii
6 (g±IJK)ijJij(z) (3.43a)
(g+IJK)AB ≡ (T (3)A )IL(T (3)B )JMǫLMK + 5 terms, ǫ123 = 1 (3.43b)
(g−IJK)AB ≡ (g+IJK)∗AB = (T¯ (3)A )IL(T¯ (3)B )JMǫLMK + 5 terms (3.43c)
Tr(T adjA g
±
IJK) = Tr(g
±
IJKg
±
LMN ) = 0 (3.43d)
A,B, i, j = 1 . . . 8 ; I, J,K,L,M,N = 1 . . . 3 ; {IJK} = 1 . . . 10 (3.43e)
where ǫLMK is the Levi-Civita density and the indices IJK of the tensors g
±
IJK are completely
symmetrized as indicated. The matrix irreps T (3) and T¯ (3) are the 3 and 3¯ of su(3).
In what follows, we will generally use the composite notation
α = {IJK} = 1 . . . 10 (3.44)
for the symmetrized indices. Then we find the following simple form of the desired diagonal basis
for T2:
JA(z)JB(w) =
kδAB
(z − w)2 +
ifABCJC(w)
z − w +O(z − w)
0 (3.45a)
12
JA(z)J
+
α (w) = −
(T
(10)
A )αβJ
+
β (w)
z − w +O(z − w)
0 (3.45b)
JA(z)J
−
α (w) = −
(T¯
(10)
A )αβJ
−
β (w)
z − w +O(z − w)
0 (3.45c)
J+α (z)J
−
β (w) =
k(1l)αβ
(z − w)2 −
(T
(10)
A )αβJA(w)
z − w +O(z − w)
0 (3.45d)
J−α (z)J
+
β (w) =
k(1l)αβ
(z − w)2 −
(T¯
(10)
A )αβJA(w)
z − w +O(z − w)
0 (3.45e)
J±α (z)J
∓
β (w) = ±
g˜αβγJ
±
γ (w)
z − w +O(z −w)
0 . (3.45f)
Here we have defined the 10× 10 matrices
(T
(10)
A )IJK,LMN ≡
1
12
{
(T
(3)
A )ILδJMδKN + 35 terms
}
(3.46a)
(T¯
(10)
A )IJK,LMN ≡ −(T (10)A )LMN,IJK =
1
12
{
(T¯
(3)
A )ILδJMδKN + 35 terms
}
(3.46b)
which are the 10 and 10 irreps of su(3), and the additional tensors
g˜IJK,LMN,PQR ≡ 1
216
(ǫILPǫJMQǫKNR + 215 terms) (3.47a)
(1l)IJK,LMN ≡ 1
36
(δILδJM δKN + 35 terms) . (3.47b)
Useful identities among all these matrices and tensors are collected in App. D, where it is also
noted that the matrix 1l in (3.47b) is the natural unit matrix in the 10× 10 space.
In the basis (3.45), the action of the triality automorphism T2 has the same diagonal form
JA(z)
′ = JA(z), J
±
α (z)
′ = e∓
2pii
3 J±α (z) (3.48a)
A = 1 . . . 8, α = 1 . . . 10 (3.48b)
as that given for T1 in (3.35).
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3.6 The affine-Sugawara constructions
In the Cartesian basis (3.1), the affine-Sugawara construction [6, 7, 25, 19, 26] for level k = x of
so(2n) is well-known
T (z) =
1
2k +Q
:
∑
i<j
Jij(z)Jij(z) :, Q = 4(n− 1), c = xn(2n− 1)
x+ 2(n − 1) (3.49)
and this construction is easily rewritten in the diagonal bases above: In any basis, the general
form of the affine-Sugawara construction on simple g is
T (z) = Labg : Ja(z)Jb(z) :, L
ab
g =
ηab
2k +Qg
(3.50a)
Ja(z)Jb(w) =
kηab
(z − w)2 +
ifab
cJc(w)
z − w +O(z − w)
0, a, b = 1 . . . dim g (3.50b)
so that the Killing metric ηab and its inverse η
ab are easily read from the current-current OPEs
in any basis.
We find in particular for the diagonal bases of each of our examples:
P
T (z) =
1
2k +Q
:
∑
µ<ν
Jµν(z)Jµν(z) +
∑
µ
Jµ(z)Jµ(z) : (3.51)
{A(2n; r)}
T (z) =
1
2k +Q
:
∑
A<B
JAB(z)JAB(z) +
∑
I<J
JIJ(z)JIJ (z) +
∑
A,I
JAI(z)JAI(z) : (3.52)
T1 and T2
T (z) =
1
2k +Q
:
∑
A
JA(z)JA(z) +
∑
α
(J+α (z)J
−
α (z) + J
−
α (z)J
+
α (z)) : . (3.53)
The form (3.53) for the triality automorphisms can also be checked directly using the sum rules in
(C.6) and (D.5a). It is easy to check that each affine-Sugawara construction in this list is invariant
T (z)′ = Labg : Ja(z)
′Jb(z)
′ : = T (z) (3.54)
under the diagonal action of each of the automorphisms discussed above.
4 The Twisted Sectors
so(2n)
P
,
{
so(2n)
A(2n;r)
}
and
so(8)
T1
,
so(8)
T2
4.1 The twisted current algebras
In current-algebraic orbifold theory [3, 4, 5, 12, 13, 18, 14], the twisted OPEs and monodromies
of the twisted sectors of each orbifold A(H)/H are obtained from the OPEs and automorphic
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responses of the untwisted sector A(H) by the method of eigenfields and the principle of local
isomorphisms [1, 3, 5, 12]. As a simple example, the monodromy of the general twisted left-mover
currents Jˆ of sector σ is
Jˆn(r)µ(ze
2πi, σ) = En(r)(σ)Jˆn(r)µ(z, σ), En(r)(σ) = e
−2πi
n(r)
ρ(σ) (4.1a)
Jˆn(r)±ρ(σ),µ(z, σ) = Jˆn(r)µ(z, σ) (4.1b)
n¯(r) ∈ {0, . . . , ρ(σ) − 1}, σ = 0, . . . , Nc − 1 (4.1c)
where ρ(σ) is the order hσ ∈ H, Nc is the number of conjugacy classes of H and the spectral
indices {n(r)} are determined from the H-eigenvalue problem [3, 5, 12]
ω(hσ)U
†(σ)n(r)µ = U †(σ)n(r)µEn(r)(σ) . (4.2)
Here ω(hσ) is the action of hσ ∈ H on the untwisted currents, {µ} are the degeneracy indices of
the eigenvalue problem and the integers n¯(r) in (4.1c) are the pullback of the spectral indices to
the fundamental range.
Solving the H-eigenvalue problem is equivalent to finding a diagonal basis for the automor-
phism, and since we have already found such diagonal bases, we may now choose the trivial
solution
U †(σ) = 1l, En(r) = diagω(hσ) (4.3)
from which the spectral indices are easily deduced. Then we obtain in particular
so(2n)
P
ρ = 2, n¯µν = 0, n¯µ = 1 (4.4a)
Jˆ0,µν(ze
2πi) = Jˆ0,µν(z), Jˆ1,µ(ze
2πi) = −Jˆ1,µ(z) (4.4b)
{
so(2n)
A(2n;r)
}
ρ = 2, n¯AB = n¯IJ = 0, n¯AI = 1 (4.5a)
Jˆ0,AB(ze
2πi) = Jˆ0,AB(z), Jˆ0,IJ(ze
2πi) = Jˆ0,IJ(z), Jˆ1,AI(ze
2πi) = −Jˆ1,AI(z) (4.5b)
so(8)
T1
and so(8)
T2
ρ = 3, n¯A = 0, n¯+1,α = 1, n¯−1,α = 2 (4.6a)
Jˆ0,A(ze
2πi) = Jˆ0,A(z), Jˆ±1,α(ze
2πi) = e∓
2pii
3 Jˆ±1,α(z) (4.6b)
for the twisted sectors so(2n)/H of the orbifolds on so(2n).
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Returning to the general case, the monodromy (4.1a) gives the expansion
Jˆn(r)µ(z, σ) =
∑
m∈Z
Jˆn(r)µ(m+
n(r)
ρ(σ))z
−(m+
n(r)
ρ(σ) )−1 (4.7a)
Jˆn(r)±ρ(σ)(m+
n(r)±ρ(σ)
ρ(σ) ) = Jˆn(r)µ(m± 1 + n(r)ρ(σ) ) (4.7b)
where Jˆn(r)µ(m +
n(r)
ρ(σ) ) are the general twisted current modes. This gives in particular for our
examples:
so(2n)
P
Jˆ0,µν(z) =
∑
m
Jˆ0,µν(m)z
−m−1, Jˆ1,µ(z) =
∑
m
Jˆ1,µ(m+
1
2 )z
−(m+ 12 )−1 (4.8)
{
so(2n)
A(2n;r)
}
Jˆ0,AB(z) =
∑
m
Jˆ0,AB(m)z
−m−1, Jˆ0,IJ(z) =
∑
m
Jˆ0,IJ(m)z
−m−1 (4.9a)
Jˆ1,AI(z) =
∑
m
Jˆ1,AI(m+
1
2)z
−(m+ 12 )−1 (4.9b)
so(8)
T1
and so(8)
T2
Jˆ0,A(z) =
∑
m
Jˆ0,A(m)z
−m−1, Jˆ±1,α(z) =
∑
m
Jˆ±1,α(m± 13)z−(m±
1
3 )−1 . (4.10)
We also give the examples of mode periodicity
Jˆ2,AB(m+
2
2)= Jˆ0,AB(m+ 1), Jˆ2,IJ(m+
2
2)= Jˆ0,IJ(m+ 1), Jˆ−1,AI(m− 12)= Jˆ1,AI(m− 1 + 12)
(4.11a)
Jˆ±2,α(m± 23) = Jˆ∓1,α(m± 1∓ 13) (4.11b)
which follow from the general form in Eq. (4.7b).
For any current-algebraic orbifold A(H)/H, the general twisted current algebra of sector σ is
[5, 12]
[Jˆn(r)µ(m+
n(r)
ρ(σ) ), Jˆn(s)ν(n +
n(s)
ρ(σ) )] = iFn(r)µ,n(s)νn(r)+n(s),δ(σ)Jˆn(r)+n(s),δ(m+ n+ n(r)+n(s)ρ(σ) )
+(m+ n(r)
ρ(σ))δm+n+n(r)+n(s)
ρ(σ)
,0
Gn(r)µ;−n(r),ν(σ) (4.12a)
σ = 0, . . . , Nc − 1 (4.12b)
where the zero modes {Jˆ0µ(0)} generate the residual symmetry algebra and Ward identities of
sector σ. General formulas are given for the twisted structure constants F(σ) and the twisted
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metric G(σ) in Refs. [3, 5], but these reduce to G = kη and F = f for trivial normalization χ = 1
and the trivial solution (4.3) of the H-eigenvalue problem.
This gives in particular the outer-automorphically twisted current algebra for the twisted
sector so(2n)
P
:
[Jˆ0,µν(m), Jˆ0,ρσ(n)] = i(δνρJˆ0,µσ(m+ n) + δµσJˆ0,νρ(m+ n)
−δµρJˆ0,νσ(m+ n)− δνσJˆ0,µρ(m+ n))
+2k(eµν)ρσmδm+n,0 (4.13a)
[Jˆ0,µν(m), Jˆ1,ρ(n+
1
2)] = i(δνρJˆ1,µ(m+ n+
1
2 )− δµσ Jˆ1,ν(m+ n+ 12)) (4.13b)
[Jˆ1,µ(m+
1
2), Jˆ1,ν(n+
1
2)] = −iJˆ0,µν(m+ n+ 1) + kδµν(m+ 12)δm+n+1,0 (4.13c)
Jˆ0,µν(m)
† = Jˆ0,µν(−m), Jˆ1,µ(m+ 12)† = Jˆ−1,µ(−m− 12) = Jˆ1,µ(−m− 1 + 12) (4.13d)
{µ, ν, ρ, σ} = {1, . . . , 2n − 1} (4.13e)
and for the twisted sectors
{
so(2n)
A(2n;r)
}
:
[Jˆ0,AB(m), Jˆ0,CD(n)] = i(δBC Jˆ0,AD(m+ n) + δADJˆ0,BC(m+ n)
−δAC Jˆ0,BD(m+ n)− δBDJˆ0,AC(m+ n))
+2k(eAB)CDmδm+n,0 (4.14a)
[Jˆ0,IJ(m), Jˆ0,KL(n)] = i(δJK Jˆ0,IL(m+ n) + δILJˆ0,JK(m+ n)
−δIK Jˆ0,JL(m+ n)− δJLJˆ0,IK(m+ n))
+2k(eIJ )KLmδm+n,0 (4.14b)
[Jˆ0,AB(m), Jˆ0,IJ (n)] = 0 (4.14c)
[Jˆ1,AI(m+
1
2), Jˆ1,BJ (n+
1
2)] = −i(δAB Jˆ0,IJ(m+ n+ 1) + δIJ Jˆ0,AB(m+ n+ 1))
+kδABδCD(m+
1
2)δm+n+1,0 (4.14d)
[Jˆ0,AB(m), Jˆ1,CI (n+
1
2)] = i(δBC Jˆ1,AI(m+ n+
1
2)− δAC Jˆ1,BI(m+ n+ 12))
[Jˆ0,IJ(m), Jˆ1,AK(n+
1
2)] = i(δJK Jˆ1,AI(m+ n+
1
2)− δIK Jˆ1,AJ(m+ n+ 12)) (4.14e)
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Jˆ0,AB(m)
† = Jˆ0,AB(−m), Jˆ0,IJ(m)† = Jˆ0,IJ(−m) (4.14f)
Jˆ1,AI(m+
1
2)
† = Jˆ−1,AI(−m− 12) = Jˆ1,AI(−m− 1 + 12) (4.14g)
{A,B,C,D} = {1 . . . r}, {I, J,K,L} = {r + 1, . . . , 2n}, r = n, . . . , 2n − 1 (4.14h)
and for the twisted triality sector so(8)
T1
:
[Jˆ0,A(m), Jˆ0,B(n)] = ifABC Jˆ0,C(m+ n) + kδABmδm+n,0 (4.15a)
[Jˆ0,A(m), Jˆ±1,α(n± 13)] = ifAαβJˆ±1,β(m+ n± 13) (4.15b)
[Jˆ±1,α(m± 13), Jˆ±1,β(n± 13)] = ±
√
2
3
gαβγ Jˆ±2,γ(m+n± 23) = ±
√
2
3
gαβγ Jˆ∓1,γ(m+n±1∓ 13) (4.15c)
[Jˆ±1,α(m± 13), Jˆ∓1,β(n∓ 13)] = ifαβAJˆ0,A(m+ n) + kδαβ(m± 13)δm+n,0 (4.15d)
Jˆ0,A(m)
† = Jˆ0,A(m), Jˆ±1,α(m± 13)† = Jˆ∓1,α(−m∓ 13) (4.15e)
{A,B,C} = {1 . . . 14}, {α, β, γ} = {1 . . . 7} (4.15f)
and finally for the twisted triality sector so(8)
T2
:
[Jˆ0,A(m), Jˆ0,B(n)] = ifABC Jˆ0,C(m+ n) + kδABmδm+n,0 (4.16a)
[Jˆ0,A(m), Jˆ+1,α(n+
1
3)] = −(T (10)A )αβ Jˆ+1,β(m+ n+ 13) (4.16b)
[Jˆ0,A(m), Jˆ−1,α(n− 13)] = −(T¯ (10)A )αβ Jˆ−1,β(m+ n− 13) (4.16c)
[Jˆ+1,α(m+
1
3), Jˆ−1,β(n− 13)] = −(T (10)A )αβ Jˆ0,A(m+ n) + k(1l)αβ(m+ 13)δm+n,0 (4.16d)
[Jˆ−1,α(m− 13), Jˆ+1,β(n+ 13)] = −(T¯ (10)A )αβ Jˆ0,A(m+ n) + k(1l)αβ(m− 13)δm+n,0 (4.16e)
[Jˆ±1,α(m± 13), Jˆ±1,β(n± 13)] = ±g˜αβγ Jˆ∓1,γ(m+ n± 1∓ 13) (4.16f)
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Jˆ0,A(m)
† = Jˆ0,A(m), Jˆ±1,α(m± 13)† = Jˆ∓1,α(−m∓ 13) (4.16g)
{A,B,C} = {1 . . . 8}, {α, β, γ} = {1 . . . 10} . (4.16h)
The twisted current algebras of the sectors so(8)/T21 and so(8)/T
2
2 are discussed in Subsec. 5.2.
4.2 Rectification
In current-algebraic orbifold theory, it is known [12] that the twisted right-mover current algebra
[ ˆ¯Jn(r)µ(m+
n(r)
ρ(σ) ),
ˆ¯Jn(s)ν(n +
n(s)
ρ(σ) )] = iFn(r)µ,n(s)νn(r)+n(s),δ(σ) ˆ¯Jn(r)+n(s),δ(m+ n+ n(r)+n(s)ρ(σ) )
−(m+ n(r)
ρ(σ))δm+n+n(r)+n(s)
ρ(σ)
,0
Gn(r)µ;−n(r),ν(σ) (4.17)
of sector σ ↔ hσ ∈ H is the same as the twisted left-mover current algebra (4.12), but with the
sign reversal of the central term shown here. As discussed in Ref. [12], the twisted right-mover
current algebra (4.17) is isomorphic to the twisted left-mover current algebra of sector h−1σ and,
as a consequence, the form (4.17) is in agreement‡3 with earlier analysis at the level of characters
[27].
Nevertheless, it has been found on a case-by-case basis that each of the twisted right-mover
current algebras so far considered can be rectified [12] by a linear transformation into a copy ˆ¯J ♯
of the twisted left-mover current algebra:
• the WZW permutation orbifolds [12, 13, 14]
• the inner-automorphic WZW orbifolds [12] on simple g
• the (outer-automorphic) charge conjugation orbifold on su(n ≥ 3) [13].
So far as the basic types of twisted right-mover current algebras are concerned, this leaves the
rectification problem open only for the other outer-automorphically twisted affine Lie algebras on
simple g.
As a simple example of rectification, we consider first the general inner- or outer-automorphic
WZW orbifold of Z2-type, whose twisted left-mover current algebra has the general form
[Jˆ0,A(m), Jˆ0,B(n)] = iF0,A;0,B0,C Jˆ0,C(m+ n) + G0,A;0,Bmδm+n,0 (4.18a)
[Jˆ0,A(m), Jˆ1,I(n+
1
2)] = iF0,A;1,I1,J Jˆ1,J(m+ n+ 12) (4.18b)
[Jˆ1,I(m+
1
2), Jˆ1,J (n+
1
2)] = iF1,I;1,J0,AJˆ0,A(m+ n+ 1) + G1,I;1,J(m+ 12)δm+n+1,0 (4.18c)
‡3The bracket analogue of the twisted right-mover current algebra (4.17) also follows from the general WZW
orbifold action [12].
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A,B,C ∈ h, I, J ∈ g/h (4.18d)
with g/h a symmetric space. This form includes in particular the Z2-twisted current algebras of
all the special cases {
so(2n)
A(2n; r)
}
⊃ so(2n)
C
. . .
so(2n)
P
(4.19)
given above. Then, reversing the signs of the central terms to obtain the corresponding twisted
right-mover current algebra, we find that the following redefinition
ˆ¯J ♯0,A(m) ≡ ˆ¯J0,A(−m), ˆ¯J ♯1,I(m+ 12) ≡ ˆ¯J−1,I(−m− 12) = ˆ¯J1,I(−m− 1 + 12) (4.20)
rectifies the twisted right-mover current algebra into a copy of the twisted left-mover current
algebra (4.18). In fact, there is a theorem [12] which tells us that the twisted right-mover currents
of all Z2-type orbifolds are rectifiable because h
−1
σ = hσ for the non-trivial element of the Z2. The
result (4.20) shows explicitly that this can be done without extra phases.
On the other hand, we find from Eq. (4.15) that some non-trivial phases are necessary
ˆ¯J ♯0,A(m) =
ˆ¯J0,A(−m), ˆ¯J ♯±1,α(m± 13) = − ˆ¯J∓1,α(−m∓ 13) (4.21)
to rectify the twisted right-mover current algebra of the twisted triality sector so(8)/T1.
We have also been able to find the rectification for the twisted triality sector so(8)/T2:
ˆ¯J ♯0,A(m) = ωAB
ˆ¯J0,B(−m), ˆ¯J ♯±1,α(m± 13) = − ˆ¯J∓1,α(−m∓ 13) . (4.22)
In this case ωAB cannot be trivial and the simplest choice is ω = ω(C), the (outer-automorphic)
action of charge conjugation C on su(3):
T
(3)
A
′ = ωABT
(3)
B = T¯
(3)
A , T¯
(3)
A
′ = ωABT¯
(3)
B = T
(3)
A (4.23a)
⇒ T (10)A ′ = ωABT (10)B = T¯ (10)A , T¯ (10)A ′ = ωABT¯ (10)B = T (10)A . (4.23b)
The diagonal action of this automorphism in this Cartesian basis is given in Ref. [13], where it is
noted that the symmetric space
g
h
=
su(3)3x
so(3)12x
(4.24)
is defined by this automorphism. As discussed in Subsec. 5.2, the rectifications (4.21) and (4.22)
hold as well for the twisted triality sectors so(8)/T21 and so(8)/T
2
2 respectively.
Together with the conclusions of Refs. [12, 13, 14], this completes the rectification of all the
basic types of twisted right-mover current algebras. The rectification problem is not completely
solved however because there exist more general twisted current algebras associated to the com-
position of automorphisms of different basic types. Examples of these are the “doubly-twisted”
current algebras of Refs. [2, 4], which result from the composition of permutations of copies of g
with inner automorphisms of g.
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4.3 The twisted affine-Sugawara constructions
For any current-algebraic orbifold A(H)/H, the twisted affine-Virasoro construction of sector σ
is [3, 5]
Tˆσ(z) = Ln(r)µ;−n(r)ν(σ) : Jˆn(r)µ(z, σ)Jˆ−n(r)ν (z, σ) :, cˆ = c (4.25)
where L(σ) is the twisted inverse inertia tensor and : · : is operator product normal ordering
[2, 3, 5] of the twisted currents. The explicit form [3, 5] of L(σ) = L(L, σ) for all A(H)/H is
a duality transformation of the inverse inertia tensor Lab of the corresponding untwisted affine-
Virasoro construction [9, 28, 10, 11] of the symmetric CFT A(H). The special case of the WZW
orbifolds is described by the general twisted affine-Sugawara construction [3, 5]
Tˆσ(z) = Lgˆ(σ)n(r)µ;−n(r)ν(σ) : Jˆn(r)µ(z, σ)Jˆ−n(r)ν (z, σ) :, cˆg = cg (4.26a)
Lgˆ(σ)(σ) = L(Lg, σ) (4.26b)
where Labg is the ordinary inverse inertia tensor of the untwisted affine-Sugawara construction
[6, 7, 25, 19, 26] T = Labg : JaJb : in the symmetric theory Ag(H).
Because each of our automorphisms acts in a diagonal basis, the twisted inverse inertia tensor
of each of our twisted sectors is equal to the ordinary inverse inertia tensor Lgˆ(σ)(σ) = Lg. Then
Eqs. (3.51)-(3.53) and (4.26) give the explicit forms of the twisted affine-Sugawara constructions
so(2n)
P
Tˆ (z) =
1
2k +Q
:
∑
µ<ν
Jˆ0,µν(z)Jˆ0,µν(z) +
∑
µ
Jˆ1,µ(z)Jˆ−1,µ(z) : (4.27)
{
so(2n)
A(2n;r)
}
Tˆ (z) =
1
2k +Q
:
∑
A<B
Jˆ0,AB(z)Jˆ0,AB(z) +
∑
I<J
Jˆ0,IJ(z)Jˆ0,IJ (z) +
∑
A,I
Jˆ1,AI(z)Jˆ−1,AI(z) : (4.28)
so(8)
T1
and so(8)
T2
Tˆ (z) =
1
2k +Q
:
∑
A
Jˆ0,A(z)Jˆ0,A(z) +
∑
α
(Jˆ1,α(z)Jˆ−1,α(z) + Jˆ−1,α(z)Jˆ1,α(z)) : (4.29)
for each of our examples.
We turn next to the left- and right-mover conformal weights ∆ˆ0(σ),
ˆ¯∆0(σ) of the scalar twist-
field state of sector σ, whose general form is
Tˆσ(z) =
∑
m
Lσ(m)z
−m−2, Lσ(m ≥ 0)|0〉σ = δm,0∆ˆ0(σ)|0〉σ (4.30a)
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∆ˆ0(σ) =
∑
r,µ,ν
Ln(r)µ;−n(r),ν(σ) n¯(r)
2ρ(σ)
(
1− n¯(r)
ρ(σ)
)
Gn(r)µ;−n(r),ν(σ) = ˆ¯∆0(σ) (4.30b)
in each sector of every current-algebraic orbifold A(H)/H. The result (4.30b) is most easily
derived by going over to theM or mode-ordered form [5, 12] of the Virasoro generators and using
(2.1c), (2.1d). The special case of (4.30b) for the WZW orbifolds
∆ˆ0(σ) =
∑
r,µ,ν
Ln(r)µ;−n(r),ν
gˆ(σ) (σ)
n¯(r)
2ρ(σ)
(
1− n¯(r)
ρ(σ)
)
Gn(r)µ;−n(r),ν(σ) (4.31)
is not difficult to evaluate for particular classes of WZW orbifolds (see Refs. [12, 13, 14] for the
WZW permutation orbifolds, Ref. [13] for the outer-automorphic charge conjugation orbifold on
su(n) and Ref. [14] for the inner-automorphic WZW orbifolds).
For our purposes, we note that the general result (4.31) is also easy to evaluate for all low-order
inner or outer automorphisms of the large class of permutation-invariant Lie algebras g
g = ⊕ gI , gI ≃ g, kI = k (4.32a)
∆ˆ0(σ) = ǫ dim g/h
xg
xg + h˜g
, ǫ =
{
1
16 for ρ = 2
1
18 for ρ = 3 .
(4.32b)
Here h is the invariant subalgebra of g, while h˜g and xg are respectively the dual Coxeter number
of g and the invariant level of affine g. To see this for order ρ = 2 and simple g, use the identities
G0,A;0,B = kη0,A;0,B, η0,A;0,Bη0,A;0,B = dimh (4.33a)
G1,I;1,J = kη1,I;1,J , η1,I;1,Jη1,I;1,J = dim g/h (4.33b)
and similarly for ρ = 3 and for the permutation-invariant algebras in (4.32a).
Then Eq. (4.32b) on g = so(2n) gives the twist-field conformal weights for our Z2 examples
so(2n)
P
Jˆ0,µν(m ≥ 0)|0〉σ = Jˆ1,µ(m+ 12 ≥ 0)|0〉σ = 0 (4.34a)
∆ˆ0
(
so(2n)
P
)
=
(2n− 1)x
16(x + 2(n− 1)) (4.34b)
{
so(2n)
A(2n;r)
}
Jˆ0,AB(m ≥ 0)|0〉σ = Jˆ0,IJ(m ≥ 0)|0〉σ = Jˆ1,AI(m+ 12 ≥ 0)|0〉σ = 0 (4.35a)
∆ˆ0
(
so(2n)
A(2n; r)
)
=
r(2n− r)
16
x
x+ 2(n − 1) , r = n, . . . , 2n− 1 (4.35b)
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so(2n)
C
=
so(2n)
A(2n;n)
: ∆ˆ0
(
so(2n)
C
)
=
n2x
16(x+ 2(n − 1)) (4.35c)
where x is the invariant level of the affine so(2n).
For the twisted triality sectors on g = so(8), Eq. (4.32b) gives
so(8)
T1
and so(8)
T2
Jˆ0,A(m ≥ 0)|0〉σ = Jˆ±1,α(m± 13 ≥ 0)|0〉σ = 0 (4.36a)
∆ˆ0
(
so(8)
T1
)
=
7
9
x
x+ 6
, ∆ˆ0
(
so(8)
T2
)
=
10
9
x
x+ 6
(4.36b)
where x is the invariant level of the affine so(8). Because T21 and T
2
2 also have order ρ = 3,
Eq. (4.32b) tells us that the conformal weights of the scalar twist-fields of the twisted sectors
so(8)/T21 and so(8)/T
2
2
∆ˆ0
(
so(8)
T21
)
= ∆ˆ0
(
so(8)
T1
)
, ∆ˆ0
(
so(8)
T22
)
= ∆ˆ0
(
so(8)
T2
)
(4.37)
are the same as those given in (4.36b). The twisted sectors so(8)/T21 and so(8)/T
2
2 are further
discussed in Subsec. 5.2.
Note that the scalar twist-field conformal weights are different for each of the Z2-type twisted
sectors on so(2n) and for the twisted triality sectors so(8)/T1 and so(8)/T2, even though all the
outer automorphisms on each g are inner-automorphically equivalent. This is not surprising since
it is well known that inner-automorphic spectral flow [6, 29] affects conformal weights.
For completeness, we also evaluate (4.32b) to give the scalar twist-field conformal weights of
the twisted sectors of all the other outer-automorphic orbifolds on simple g:
∆ˆ0
(
su(n)
so(n)
)
=
(n− 1)(n + 2)
32
x
x+ n
(4.38a)
∆ˆ0
(
su(2n)
sp(n)
)
=
(n− 1)(2n + 1)
16
x
x+ 2n
(4.38b)
∆ˆ0
(
E6
F4
)
=
13
8
x
x+ 12
, ∆ˆ0
(
E6
C4
)
=
21
8
x
x+ 8
. (4.38c)
Here we have chosen to label the twisted sectors by their corresponding symmetric spaces g/h,
and x is the invariant level of affine g. For the charge conjugation orbifold on su(n), the result
(4.38a) was given earlier in Ref. [13].
Taken with the corresponding results given in Refs. [12, 13, 14], this completes the computation
of the scalar twist-field conformal weights in each sector of all the basic WZW orbifolds.
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4.4 The twisted KZ systems
In the general theory of WZW orbifolds [3, 5, 12, 13, 14] the description is extended to include
the twisted affine primary fields gˆ = gˆ−gˆ+ of sector σ and their OPEs, e.g.
Jˆn(r)µ(z, σ)gˆ+(T , w, σ) =
gˆ+(T , w, σ)
z − w Tn(r)µ(T, σ) +O(z − w)
0 (4.39)
where gˆ+(T , z, σ) is the left-mover twisted affine primary field in twisted representation T ≡
T (T, σ). When acting on the scalar twist-field state |0〉σ of sector σ, the twisted affine primary
fields create the twisted affine primary states [14] of sector σ
|T 〉σ = lim
z→0
gˆ+(T , z, σ)zγ(T ,σ)|0〉σ (4.40a)
Jˆn(r)µ(m+
n(r)
ρ(σ) ≥ 0)|T 〉σ = δm+n(r)
ρ(σ) ,0
|T 〉σTn(r)µ(T, σ) (4.40b)
where γ(T , σ) is the so-called matrix exponent of the twisted affine primary field. Moreover, the
OPEs of the twisted affine primary fields lead to the twisted vertex operator equations of sector σ
and the general left- and right-mover twisted KZ systems [12-14] of the WZW orbifolds.
For twisted sector σ of any WZW orbifold, the general twisted left-mover KZ system [12, 13, 14]
has the form
Aˆ+(T , z, σ) ≡ σ〈0|gˆ+(T (1), z1, σ)gˆ+(T (2), z2, σ) · · · gˆ+(T (N), zN , σ)|0〉σ (4.41a)
∂κAˆ+(T , z, σ) = Aˆ+(T , z, σ)Wˆκ(T , z, σ), κ = 1 . . . N, σ = 0, . . . , Nc − 1 (4.41b)
Aˆ+(T , z, σ)
 N∑
ρ=1
T (ρ)0µ (T, σ)
 = 0, ∀ µ (4.41c)
where the general twisted left-mover connection Wˆκ(T , z, σ) is given in Eq. (2.4b). The general
Ward identities in (4.41c) are associated to the residual symmetry of each sector σ.
Using the data above, the general twisted left-mover KZ system is easily evaluated for each of
our examples:
so(2n)
P
Wˆκ(T , z) = 2
2k +Q
∑
ρ6=κ
1
zκρ
∑
µ<ν
T (ρ)0,µνT (κ)0,µν +
(
zρ
zκ
) 1
2 ∑
µ
T (ρ)1,µ T (κ)−1,µ
− 1
2zκ
∑
µ
T (κ)1,µ T (κ)−1,µ

(4.42a)
Aˆ+(T , z, )
(
N∑
κ=1
T (κ)0,µν
)
= 0, ∀ µν ∈ so(2n − 1) (4.42b)
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{
so(2n)
A(2n;r)
}
Wˆκ(T , z) = 2
2k +Q
∑
ρ6=κ
1
zκρ
∑
A<B
T (ρ)0,ABT (κ)0,AB +
∑
I<J
T (ρ)0,IJT (κ)0,IJ +
(
zρ
zκ
)1
2 ∑
AI
T (ρ)1,AIT (κ)−1,AI

− 1
2zκ
∑
AI
T (κ)1,AIT (κ)−1,AI
]
(4.43a)
Aˆ+(T , z)
(
N∑
κ=1
T (κ)0,AB
)
= Aˆ+(T , z)
(
N∑
κ=1
T (κ)0,IJ
)
= 0, ∀ AB, IJ ∈ so(r)⊕ so(2n − r) (4.43b)
so(8)
T1
Wˆκ(T , z) = 2
2k +Q
∑
ρ6=κ
1
zκρ
 14∑
A=1
T (ρ)0,AT (κ)0,A +
7∑
α=1
(zρ
zκ
) 1
3 T (ρ)1,α T (κ)−1,α +
(
zρ
zκ
) 2
3 T (ρ)−1,αT (κ)1,α

− 1
3zκ
7∑
α=1
(
T (κ)1,α T (κ)−1,α + 2T (κ)−1,αT (κ)1,α
)]
(4.44a)
Aˆ+(T , z)
(
N∑
κ=1
T (κ)0,A
)
= 0, ∀ A ∈ g2 (4.44b)
so(8)
T2
Wˆκ(T , z) = 2
2k +Q
∑
ρ6=κ
1
zκρ
 8∑
A=1
T (ρ)0,AT (κ)0,A +
10∑
α=1
(zρ
zκ
) 1
3 T (ρ)1,α T (κ)−1,α +
(
zρ
zκ
) 2
3 T (ρ)−1,αT (κ)1,α

− 1
3zκ
10∑
α=1
(
T (κ)1,α T (κ)−1,α + 2T (κ)−1,αT (κ)1,α
)]
(4.45a)
Aˆ+(T , z)
(
N∑
κ=1
T (κ)0,A
)
= 0, ∀ A ∈ su(3) . (4.45b)
The twisted KZ systems of the sectors so(8)/T21 and so(8)/T
2
2 are discussed in Subsec. 5.2.
The twisted representation matrices T = T (T, σ) satisfy the general orbifold Lie algebra
[Tn(r)µ,Tn(s)ν ] = iFn(r)µ,n(s)νn(r)+n(s),δ(σ)Tn(r)+n(s),δ (4.46a)
Tn(r)±ρ(σ),µ = Tn(r)µ, [T (ρ),T (κ)] = 0, ρ 6= κ (4.46b)
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in sector σ of the general WZW orbifold, where F(σ) are the same twisted structure constants
which appear in the general twisted current algebra (4.12). For our examples then, the orbifold
Lie algebra takes the specific forms:
so(2n)
P
[T0,µν ,T0,ρσ] = i(δνρT0,µσ + δµσT0,νρ − δµρT0,νσ − δνσT0,µρ) (4.47a)
[T0,µν ,T1,ρ] = i(δνρT1,µ − δµρT1,ν), [T1,µ,T1,ν ] = −iT2,µν = −iT0,µν (4.47b)
{
so(2n)
A(2n;r)
}
[T0,AB,T0,CD] = i(δBCT0,AD + δADT0,BC − δACT0,BD − δBDT0,AC) (4.48a)
[T0,IJ ,T0,KL] = i(δJKT0,IL + δILT0,JK − δIKT0,JL − δJLT0,IK) (4.48b)
[T0,AB,T0,IJ ] = 0 (4.48c)
[T1,AI ,T1,BJ ] = −i(δABT0,IJ + δIJT0,AB) (4.48d)
[T0,AB,T1,CI ] = i(δBCT1,AI − δACT1,BI) (4.48e)
[T0,IJ ,T1,AK ] = i(δJKT1,AI − δIKT1,AJ) (4.48f)
so(8)
T1
[T0,A,T0,B ] = ifABCT0,C , [T0,A,T±1,α] = ifAαβT±1,β (4.49a)
[T±1,α,T±1,β] = ±
√
2
3
gαβγT±2,γ = ±
√
2
3
gαβγT∓1,γ (4.49b)
[T±1,α,T∓1,β] = ifαβAT0,A (4.49c)
so(8)
T2
[T0,A,T0,B ] = ifABCT0,C (4.50a)
[T0,A,T1,α] = −(T (10)A )αβT+1,β, [T0,A,T−1,α] = −(T¯ (10)A )αβT−1,β (4.50b)
[T+1,α,T−1,β] = −(T (10)A )αβT0,A, [T−1,α,T+1,β] = −(T¯ (10)A )αβT0,A (4.50c)
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[T±1,α,T±1,β] = ±g˜αβγT∓1,γ . (4.50d)
More explicit forms of the twisted representation matrices are discussed in the following subsection.
Using (4.49c), (4.50c) and the fact that Tr(T
(10)
A ) = 0, we obtain the simplified form of the
triality connection for so(8)/T1 and so(8)/T2
Wˆκ(T , z) = 2
2k +Q
∑
ρ6=κ
1
zκρ
∑
A
T (ρ)0,AT (κ)0,A +
∑
α
(zρ
zκ
) 1
3 T (ρ)1,α T (κ)−1,α +
(
zρ
zκ
) 2
3 T (ρ)−1,αT (κ)1,α

− 1
zκ
∑
α
T (κ)1,α T (κ)−1,α
]
(4.51)
where the ranges of A and α for the two cases are given in (4.44) and (4.45). Although flatness of
the twisted connections is guaranteed by the construction, we have used (4.49) and (4.50) to check
explicitly and at length that the twisted triality connection (4.51) is not only flat but abelian flat
∂ρWˆκ(T , z)− ∂κWˆρ(T , z) = [Wˆκ(T , z), Wˆρ(T , z)] = 0 (4.52)
for both so(8)/T1 and so(8)/T2. As noted in Subsec. 5.2, the twisted KZ connections of the
twisted sectors so(8)/T2, T = T1 and T2 are also abelian flat.
Including the explicit check [13] of flatness for all orbifolds of Z2-type, this completes the
explicit check of flatness for the twisted KZ connections of each sector of all the outer-automorphic
WZW orbifolds on simple g.
4.5 Representation theory
We turn now to discuss the explicit form of the twisted representation matrices.
For each sector σ of any WZW orbifold Ag(H)/H, the general formula for the twisted repre-
sentation matrices
Tn(r)µ ≡ Tn(r)µ(T, σ) = χn(r)µ(σ)U(σ)n(r)µaU(T, σ)TaU †(T, σ) (4.53)
is given in Ref. [12]. Here Ta, a = 1...dim g can be any untwisted matrix representation of g. The
quantities U †(σ) and U †(T, σ) are the eigenvalue matrices of the H-eigenvalue problem and the
extended H-eigenvalue problem respectively, while {χ} is a set of normalization constants.
Since we are starting in a diagonal basis for each automorphism, we may set χ(σ) = U †(σ) = 1
(see Eq. (4.3)) to obtain a simplified form for the twisted representation matrices
T (T, σ) = U(T, σ)TU †(T, σ) . (4.54)
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Nevertheless, we must still solve the linkage relation [12] forW (hσ;T ) given ω(hσ) and the extended
H-eigenvalue problem [12] for U †(T, σ)
W †(hσ ;T )TaW (hσ;T ) = ω(hσ)a
bTb ≡ Ta′ (4.55a)
W (hσ;T )U
†(T, σ) = U †(T, σ)E(T, σ) (4.55b)
in order to evaluate the twisted representation matrices in (4.54). Here ω(hσ) is the action of
hσ ∈ H ⊂ Aut(g) on the untwisted currents of affine g and W (hσ;T ) is the action of hσ in
untwisted representation T .
Solution of the relations in (4.55) is straightforward for any “real” irrep T of g, where real is
defined here as the unitary equivalence
T ′ = ωT ∼= T (4.56)
for any automorphism group H of any g. A simple example is the adjoint representation T adj of
any g, for which it is known that [12, 13]
(T adja )b
c = −ifabc, W (hσ;T adj) = ω(hσ), U(T adj, σ) = U †(σ) (4.57)
in each sector of every WZW orbifold. In our case, this gives the simple form
U †(σ) = 1 ⇒ T (T adj, σ) = T adj (4.58)
and the specific results
so(2n)
P
: T0,µν(T adj) = T adjµν , T1,µ(T adj) = T adjµ,2n (4.59)
{
so(2n)
A(2n; r)
}
: T0,AB(T adj) = T adjAB, T0,IJ(T adj) = T adjIJ , T1,AI(T adj) = T adjAI (4.60)
so(8)
T1
: T0,A(T adj) = T adjA = (ρA)µνT adjµν , T±1,α(T adj)= T adjα ± =
1√
2
(T adjα8 ±
i
2
√
3
gαβγT
adj
βγ )
(4.61)
so(8)
T2
: T0,A(T adj) = T adjA = −
1
2
fAijT
adj
ij , T±1,α(T adj) =
1
4
e±
pii
6 (g±α )ijT
adj
ij (4.62)
are obtained for the twisted sectors of this paper. More generally, the solution of the linkage
relation (4.55a) is guaranteed for real representations by the unitary equivalence T ′ ∼= T .
For outer automorphisms of simple g we must also consider “complex” irreps T (c) for which
T (c)′ = ωT (c) ≇ T (c) (4.63)
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and in this case we must take the representation T to be reducible [12, 13]. As an example, for
any outer automorphism ω2 = 1 of the Z2 type it is known that [13]
Ta =
(
T
(c)
a 0
0 T
(c)
a
′
)
=
(
T
(c)
a 0
0 ωa
bT
(c)
b
)
(4.64a)
Ta
′ = ωa
bTb =
(
T
(c)
a
′ 0
0 T
(c)
a
)
(4.64b)
W (T ) = i
(
0 1l
1l 0
)
, W †(T )W (T ) =
(
1l 0
0 1l
)
(4.64c)
U(T ) = U †(T ) =
1√
2
(
1l 1l
1l −1l
)
, U †(T )U(T ) =
(
1l 0
0 1l
)
, E(T ) = i
(
1l 0
0 −1l
)
(4.64d)
where W (T ) and U(T ), E(T ) are respectively the solutions of the linkage relation (4.55a) and the
extended H-eigenvalue problem in (4.55b). Then Eq. (4.54) gives in particular for any complex
representation
so(2n)
P
T (c) = (T (c)µν , T
(c)
µ,2n), T
(c)′ = (T (c)µν ,−T (c)µ,2n) (4.65a)
T0,µν(T ) = U(T )TµνU †(T ) =
(
T
(c)
µν 0
0 T
(c)
µν
)
(4.65b)
T1,µ(T ) = U(T )Tµ,2nU †(T ) =
(
0 T
(c)
µ,2n
T
(c)
µ,2n 0
)
(4.65c)
{
so(2n)
A(2n;r) , r odd
}
T (c) = (T
(c)
AB , T
(c)
IJ , T
(c)
AI ), T
(c)′ = (T
(c)
AB , T
(c)
IJ ,−T (c)AI ) (4.66a)
T0,AB(T ) = U(T )TABU †(T ) =
(
T
(c)
AB 0
0 T
(c)
AB
)
(4.66b)
T0,IJ(T ) = U(T )TIJU †(T ) =
(
T
(c)
IJ 0
0 T
(c)
IJ
)
(4.66c)
T1,AI(T ) = U(T )TAIU †(T ) =
(
0 T
(c)
AI
T
(c)
AI 0
)
(4.66d)
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in each of our outer-automorphically twisted sectors of Z2-type. Specific examples of Eqs. (4.65),
(4.66) are obtained by substitution of the Weyl spinor reps T (c) = S(c) ≡ S in App. B. The
conjugate Weyl spinors are automatically included as C(c) ≡ S(c)′ in this formulation.
For either of the triality automorphisms T1 or T2 we find instead
Ta =
 T
(c)
a 0 0
0 T
(c)
a
′ 0
0 0 T
(c)
a
′′
 =
 T
(c)
a 0 0
0 ωa
bT
(c)
b 0
0 0 (ω2)a
bT
(c)
b
 (4.67a)
Ta
′ = ωa
bTb =
 T
(c)
a
′ 0 0
0 T
(c)
a
′′ 0
0 0 T
(c)
a
 (4.67b)
W (T ) =
 0 0 1l1l 0 0
0 1l 0
 , W †(T )W (T ) =W 3(T ) =
 1l 0 00 1l 0
0 0 1l
 (4.67c)
U †(T ) =
1√
3
 1l e
2πi/31l e−2πi/31l
1l e−2πi/31l e2πi/31l
1l 1l 1l
 , U †(T )U(T ) =
 1l 0 00 1l 0
0 0 1l
 (4.67d)
E(T ) =
 1l 0 00 e−2πi/31l 0
0 0 e2πi/31l
 (4.67e)
where W (T ) and U †(T ), E(T ) are respectively the solutions of the linkage relation (4.55a) and
the extended H-eigenvalue problem in (4.55b).
To be more explicit for the twisted triality sectors, we introduce the unified notation
T (c) = (T
(c)
A , T
(c)
α
+, T (c)α
−) (4.68a)
T (c)′ = (T
(c)
A , e
−
2pii
3 T (c)α
+, e
2pii
3 T (c)α
−), T (c)′′ = (T
(c)
A , e
2pii
3 T (c)α
+, e−
2pii
3 T (c)α
−) (4.68b)
T1 : T
(c)
A = (ρA)µνT
(c)
µν , T
(c)
α
± =
1√
2
(
T
(c)
α8 ±
i
2
√
3
gαβγT
(c)
βγ
)
(4.68c)
T2 : T
(c)
A = −
1
2
fAijT
(c)
ij , T
(c)
α
± =
1
4
e±
pii
6 (g±α )ijT
(c)
ij (4.68d)
where T (c) is any complex irrep of so(8) ∼= spin(8) under T1 or T2. Then the twisted representation
matrices T (T ) of so(8)/T1 or so(8)/T2
T0,A(T ) = U(T )TAU †(T ) =
 T
(c)
A 0 0
0 T
(c)
A 0
0 0 T
(c)
A
 (4.69a)
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T1,α(T ) = U(T )T+α U †(T ) = e
2pii
3
 0 T
(c)
α
+ 0
0 0 T
(c)
α
+
T
(c)
α
+ 0 0
 (4.69b)
T−1,α(T ) = U(T )T−α U †(T ) = e−
2pii
3
 0 0 T
(c)
α
−
T
(c)
α
− 0 0
0 T
(c)
α
− 0
 (4.69c)
are obtained from Eqs. (4.54) and (4.67) .
As an explicit example, let us work out the untwisted and twisted representation matrices
corresponding to the complex reps V (c), S(c) and C(c) of so(8) ∼= spin(8) under T1 or T2. We
begin with the familiar form of the untwisted vector rep V (c) of so(8) in the standard Cartesian
basis:
V
(c)
ij = 2ieij , (eij)kl =
1
2
(δikδjl − δjkδil) (4.70a)
T1 : V
(c)
A = 2i(ρA)µνeµν , V
(c)
α
± =
2i√
2
(
eα8 ± i
2
√
3
gαβγeβγ
)
(4.70b)
T2 : V
(c)
A = −ifAijeij , V (c)α ± =
i
2
e±
pii
6 (g±α )ijeij . (4.70c)
In this case, we can define both the untwisted Weyl spinor rep and the untwisted conjugate Weyl
spinor rep directly from the vector rep and the Z3 automorphism
S(c) = V (c)′ = ωV (c) = (V
(c)
A , e
−
2pii
3 V (c)α
+, e
2pii
3 V (c)α
−) (4.71a)
C(c) = S(c)′ = ωV (c)′ = ω2V (c) = (V
(c)
A , e
+ 2pii3 V (c)α
+, e−
2pii
3 V (c)α
−) (4.71b)
where ω can be taken as ω(T1) or ω(T2). Then the required reducible representation T is
Ta =
 V
(c)
a 0 0
0 (ωV (c))a 0
0 0 (ω2V (c))a
 (4.72)
and the twisted representation matrices
T0,A(T ) =
 V
(c)
A 0 0
0 V
(c)
A 0
0 0 V
(c)
A
 (4.73a)
T+1,α(T ) = e
2pii
3
 0 V
(c)
α
+ 0
0 0 V
(c)
α
+
V
(c)
α
+ 0 0
 , T−1,α(T ) = e− 2pii3
 0 0 V
(c)
α
−
V
(c)
α
− 0 0
0 V
(c)
α
− 0

(4.73b)
follow from (4.69). For the twisted triality sectors so(8)/T1 and so(8)/T2 the explicit forms of
the entries here are given in Eqs. (4.70b,c).
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4.6 Action formulation of outer-automorphic WZW orbifolds
The classical theory of WZW orbifolds is described by the general WZW orbifold action [12, 13, 18]
on the cylinder (ξ, t) and the solid cylinder Γ, which reduces to the form
Sˆ[gˆ(T , σ)] = − k
ǫy(T )
(
1
8π
∫
d2ξ Tr( gˆ−1(T , σ)∂+gˆ(T , σ) gˆ−1(T , σ)∂−gˆ(T , σ) )
+
1
12π
∫
Γ
Tr( ( gˆ−1(T , σ)dgˆ(T , σ) )3 )
)
(4.74a)
Tr(TaTb) = y(T )δab, ǫ =

1 for real reps T
2 for complex reps T (c) when ρ = 2
3 for complex reps T (c) when ρ = 3
(4.74b)
for each twisted sector σ of all the outer-automorphic WZW orbifolds on simple g. Here gˆ(T , σ) ≡
gˆ(T (T, σ), ξ, t, σ) are the group orbifold elements of sector σ, which are the high-level or classical
limit of the twisted affine primary fields. The group orbifold elements are locally group elements
but they exhibit the monodromy
gˆ(T , ξ + 2π, t, σ) = E(T, σ)gˆ(T , ξ, t, σ)E(T, σ)∗ (4.75)
where E(T, σ) is the eigenvalue matrix of the extended H-eigenvalue problem in (4.55b). The
result (4.74) generalizes the action given for the charge-conjugation orbifold on su(n) in Ref. [13].
The group orbifold elements can be expressed in terms of the twisted tangent space coordinates
βˆ
gˆ(T (T, σ), ξ, t, σ) = eiβˆn(r)µ(ξ,t)Tn(r)µ(T,σ), βˆn(r)µ(ξ + 2π, t) = βˆn(r)µ(ξ, t)e2πi
n(r)
ρ(σ) (4.76)
where Tn(r)µ(T, σ) are the same twisted representation matrices discussed in the operator for-
mulation above. The consistency of the monodromy of βˆ in (4.76) and that of gˆ in (4.75) is a
consequence of a selection rule for the twisted representation matrices [12].
This gives the explicit forms of the group orbifold elements for each of our twisted sectors
so(2n)
P
gˆ(T , ξ) = ei(βˆ0,µν (ξ)T0,µν+βˆ1,µ(ξ)T1,µ), βˆ0,µν(ξ + 2π) = βˆ0,µν(ξ), βˆ1,µ(ξ + 2π) = −βˆ1,µ(ξ)
(4.77){
so(2n)
A(2n;r)
}
gˆ(T , ξ) = ei(βˆ0,AB(ξ)T0,AB+βˆ0,IJ (ξ)T0,IJ+βˆ1,AI(ξ)T1,AI ) (4.78a)
βˆ0,AB(ξ + 2π) = βˆ0,AB(ξ), βˆ0,IJ(ξ + 2π) = βˆ0,IJ(ξ), βˆ1,AI(ξ + 2π) = −βˆ1,AI(ξ) (4.78b)
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so(8)
T1
and so(8)
T2
gˆ(T , ξ) = ei(βˆ0,A(ξ)T0,A+βˆ±1,α(ξ)T±1,α) (4.79a)
βˆ0,A(ξ + 2π) = βˆ0,A(ξ), βˆ±1,α(ξ + 2π) = βˆ±1,α(ξ) e±
2pii
3 (4.79b)
where T = T (T, σ) and we have suppressed the time label t. The explicit forms of T for real and
complex representations are discussed in the previous subsection. The corresponding discussion
for the charge conjugation orbifold on su(n) was given in Ref. [13].
5 Assembling the Orbifolds
5.1 The Z2 orbifolds on so(2n)
Using the development above, we may construct the orbifolds
Aso(2n)(Z2(P))
Z2(P)
,
Aso(2n)(Z2(A(2n; r)))
Z2(A(2n; r))
, r = n, . . . , 2n− 2 (5.1)
of type Z2 on so(2n). These orbifolds have an untwisted sector σ = 0 and one twisted sector
σ = 1, called respectively so(2n)/P and so(2n)/A(2n; r), r = n, . . . , 2n − 2 in this paper. Among
these, only those generated by P and {A(2n; r), r = odd} are outer-automorphic orbifolds, while
the others are inner automorphic. Following the counting in Subsec. 3.3, we have then constructed
the number N of distinct Z2-type outer-automorphic orbifolds on so(2n ≥ 6)
N =
{
r on so(4r)
r + 1 on so(4r + 2) .
(5.2)
In what follows, we consider the more intricate orbifolds of types Z3 and S3 on so(8).
5.2 Two Z3 triality orbifolds on so(8)
There are two outer-automorphic Z3 orbifolds on so(8)
Aso(8)(Z3(T1))
Z3(T1)
,
Aso(8)(Z3(T2))
Z3(T2)
(5.3)
and each of these orbifolds has three sectors: the untwisted sector σ = 0, a first twisted sector
σ = 1 called so(8)/T1 or so(8)/T2 above, and a second twisted sector σ = 2 which corresponds
to so(8)/T21 or so(8)/T
2
2 respectively. Our task in this subsection is the description of the σ = 2
sectors.
For T = T1 or T2, the action ω(T
2) = ω(T)2 is given by
T2 : JA(z)
′ = JA(z), J
±
α (z)
′ = e±
2pii
3 J±α (z) (5.4)
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in the same diagonal bases given above for T1 and T2. The untwisted affine-Sugawara construction
(3.53) holds as well for T21 and T
2
2.
The phase reversal for J±α (z)
′ in (5.4) relative to the action of ω(T) tells us that the twisted
current algebra of so(8)/T21 or so(8)/T
2
2 is the same as that given for so(8)/T1 or so(8)/T2 in
Eqs. (4.15) and (4.16), but with the map
so(8)
T
→ so(8)
T2
: m± 13 → m∓ 13 , Jˆ±1,α(m± 13 ) → Jˆ∓1,α(m∓ 13) (5.5)
for both cases. We may then rewrite the twisted current algebras of so(8)/T2 in the standard
forms given for so(8)/T in Eqs. (4.15) and (4.16).
For example, we find
so(8)
T21
: [Jˆ±1,α(m± 13), Jˆ±1,β(n± 13)] = ∓
√
2
3
gαβγ Jˆ∓1,γ(m+ n± 1∓ 13) (5.6)
instead of (4.15c) for so(8)/T1. For the so(8)/T
2
1 sector of the Z3(T1) orbifold, this is the only
change in the form of the twisted current algebra.
For the so(8)/T22 sector of the Z3(T2) orbifold, we find again the standard form (4.16), but
with the replacement
so(8)
T22
: [Jˆ±1,α(m± 13), Jˆ±1,β(n± 13)] = ∓g˜αβγ Jˆ∓1,γ(m+ n± 1∓ 13) (5.7)
and T (10) ↔ T¯ (10) everywhere.
The rectifications (4.21) or (4.22), the twisted affine-Sugawara constructions (4.29) and the
scalar twist-field conformal weights (4.37) are the same for the sectors so(8)/T2 as they are for
the sectors so(8)/T.
The twisted representation matrices T (T, σ) of the σ = 2 sectors satisfy the same orbifold Lie
algebras (4.49) and (4.50) but with the map
so(8)
T
→ so(8)
T2
: T±1,α(T ) → T∓1,α(T ) (5.8)
which mirrors the twisted current algebras. This means that we can construct the twisted repre-
sentation matrices of sector σ = 2 from the ones discussed above for sector σ = 1:
TA(T, σ = 2) = TA(T, σ = 1), T±1,α(T, σ = 2) = T∓1,α(T, σ = 1) . (5.9)
Then the explicit forms of the twisted KZ connections and Ward identities for the σ = 2 sectors
of the Z3 triality orbifolds are
Wˆκ(T , z, σ = 2)
=
2
2k +Q
∑
ρ6=κ
1
zκρ
∑
A
T (ρ)0,AT (κ)0,A +
∑
α
(zρ
zκ
) 1
3 T (ρ)−1,αT (κ)1,α +
(
zρ
zκ
) 2
3 T (ρ)1,α T (κ)−1,α

− 1
zκ
∑
α
T (κ)−1,αT (κ)1,α
]
(5.10a)
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Aˆ+(T , z, σ = 2)
(
N∑
κ=1
T (κ)0,A
)
= 0 (5.10b)
A = 1 . . . 14, α = 1 . . . 7 for
so(8)
T21
; A = 1 . . . 8, α = 1 . . . 10 for
so(8)
T22
(5.10c)
where these twisted representation matrices T , which satisfy (4.49) and (4.50), are the same ones
we constructed for so(8)/T1 and so(8)/T2 in Subsec. 4.5. These twisted connections are also
abelian flat.
For the group-orbifold elements discussed in Subsec. 4.6, we find instead the forms
so(8)
T21
and so(8)
T22
gˆ(T , ξ + 2π, σ = 2) = E(T )∗gˆ(T , ξ, σ = 2)E(T ) (5.11a)
gˆ(T , ξ, σ = 2) = ei(βˆ0,A(ξ)T0,A+βˆ±1,α(ξ)T∓1,α) (5.11b)
βˆ0,A(ξ + 2π) = βˆ0,A(ξ), βˆ±1,α(ξ + 2π) = βˆ±1,α(ξ) e±
2pii
3 (5.11c)
where E(T ) and these twisted representation matrices are again the objects defined for the σ = 1
sectors in Subsec. 4.5.
5.3 Three S3 triality orbifolds on so(8)
In the following subsections, we will assemble the three S3 triality orbifolds on so(8):
Aso(8)(S3(P,T1))
S3(P,T1)
,
Aso(8)(S3(A,T2))
S3(A,T2)
,
Aso(8)(S3(A˜,T1))
S3(A˜,T1)
(5.12a)
P ≃ A(8; 5) ∼= A ∼= A˜ . (5.12b)
In this notation, each S3 is generated by the Z2 and the Z3 element shown in its argument.
Some comment will be helpful about the variety of Z2 outer automorphisms in (5.12b). The
outer automorphisms P and A(8; 5), discussed explicitly in Sec. 3, are related by a non-trivial
inner automorphism K
P :
so(8)x
so(7)x
; A(8; 5) :
so(8)x
so(5)x ⊕ so(3)2x (5.13a)
P ≃ A(8; 5) : ω(P) = Kω(A(8; 5)) (5.13b)
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which changes the dimension of the invariant subalgebra h of P versus A(8; 5). The three A-type
automorphisms in (5.12b) are related by the (trivial) inner automorphisms u and v
A(8; 5) ∼= A ∼= A˜ : ω(A) = u†ω(A(8; 5))u, ω(A˜) = v†ω(A(8; 5))v (5.14)
which act as permutations of the so(8) indices and preserve g/h = so(8)x/(so(5)x ⊕ so(3)2x). It
is known [5, 12] that conformal weights are invariant under such two-sided automorphisms, and
that, indeed, all the twisted tensors of the orbifold can be taken invariant.‡4 We may therefore
consider the twisted sectors so(8)/A and so(8)/A˜ as identical to the twisted sector so(8)/A(8; 5)
given above.
In what follows, we use the diagonal basis (JA, J
±
α ) discussed for T1 and T2 in Subsecs. 3.4
and 3.5.
5.4 The triality orbifold Aso(8)(S3(P,T1))/S3(P,T1)
To see the first S3 triality orbifold in (5.12), we use Eqs. (3.28a), (3.32), (3.7) and (3.35) to
establish the following transformation properties under P and T1
ω(P)
(
JA(z), J
±
α (z)
)
=
(
JA(z),−J∓α (z)
)
(5.15a)
ω(T1)
(
JA(z), J
±
α (z)
)
=
(
JA(z), e
∓ 2pii
3 J±α (z)
)
(5.15b)
ω(PT1)
(
JA(z), J
±
α (z)
)
=
(
JA(z),−e∓
2pii
3 J∓α (z)
)
(5.15c)
ω(T1P)
(
JA(z), J
±
α (z)
)
=
(
JA(z),−e±
2pii
3 J∓α (z)
)
(5.15d)
ω(T1
2)
(
JA(z), J
±
α (z)
)
=
(
JA(z), e
± 2pii
3 J±α (z)
)
(5.15e)
A = 1, . . . , 14, α = 1, . . . , 7 (5.15f)
where ω(CD) = ω(C)ω(D) and the index A labels the invariant g2 subalgebra of T1. From these
transformation properties, we verify that
P2 = T1
3 = (PT1)
2 = 1l (5.16)
so P and T1 generate an S3 whose group table is shown in Table 1 and whose conjugacy classes
are
σ = 0 : 1l
σ = 1 : P,PT1,T1P
σ = 2 : T1,T1
2 . (5.17)
‡4See e.g. Eq. (2.28) of Ref. [5]. For our special case U(A(8; 5)) = 1l, choose U(A) = u and U(A˜) = v, with the
same E = ω(A(8; 5)).
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Then for the S3 triality orbifold
Aso(8)(S3(P,T1))
S3(P,T1)
(5.18)
we may choose the twisted sectors so(8)/P and so(8)/T1 given above as the representatives for
sectors σ = 1 and σ = 2 respectively.
P PT1 T1P T1 T
2
1
P 1l T1 T
2
1 PT1 T1P
PT1 T
2
1 1l T1 T1P P
T1P T1 T
2
1 1l P PT1
T1 T1P P PT1 T
2
1 1l
T21 PT1 T1P P 1l T1
Table 1: S3 group table generated by P and T1.
5.5 The triality orbifold Aso(8)(S3(A,T2))/S3(A,T2)
For the second S3 triality orbifold in (5.12), we first define the action of the outer automorphism
A with h = so(5)x ⊕ so(3)2x
JA˙B˙(z)
′ = JA˙B˙(z), JI˙ J˙(z)
′ = JI˙ J˙(z), JA˙I˙(z)
′ = −JA˙I˙(z) (5.19a)
A˙, B˙ = 2, 5, 7, I˙, J˙ = 1, 3, 4, 6, 8 (5.19b)
which is permutation-equivalent to A(8; 5) in (3.22). A more convenient form of this action is
ω(A)Jij(z) = Ω(A)ii′Ω(A)jj′Ji′j′(z), i, j, i
′, j′ = 1 . . . 8 (5.20a)
Ω(A)A˙B˙ = δA˙B˙, Ω(A)I˙J˙ = −δI˙ J˙ , Ω(A)A˙I˙ = Ω(A)I˙A˙ = 0 (5.20b)
where Ω(A) is recognized as the action of charge conjugation C on su(3) given in Ref. [13]. Then
it is not difficult to check that
(T adjA )klΩ(A)kiΩ(A)lj = Ω(A)AB(T
adj
B )ij (5.21a)
T
(3)
i
′ ≡ Ω(A)ijT (3)j = T¯ (3)i (5.21b)
(g±α )klΩ(A)kiΩ(A)lj = (g
∓
α )ij (5.21c)
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where A,B, i, j = 1 . . . 8. Moreover, we may use these relations and Eqs. (3.39), (3.43) to compute
the actions
ω(A)
(
JA˙(z), JI˙ (z), J
±
α (z)
)
=
(
JA˙(z),−JI˙ (z), e±
pii
3 J∓α (z)
)
(5.22a)
ω(T2)
(
JA˙(z), JI˙(z), J
±
α (z)
)
=
(
JA˙(z), JI˙(z), e
∓ 2pii
3 J±α (z)
)
(5.22b)
ω(AT2)
(
JA˙(z), JI˙ (z), J
±
α (z)
)
=
(
JA˙(z),−JI˙ (z), e∓
pii
3 J∓α (z)
)
(5.22c)
ω(T2A)
(
JA˙(z), JI˙ (z), J
±
α (z)
)
=
(
JA˙(z),−JI˙(z),−J∓α (z)
)
(5.22d)
ω(T2
2)
(
JA˙(z), JI˙ (z), J
±
α (z)
)
=
(
JA˙(z), JI˙ (z), e
± 2pii
3 J±α (z)
)
(5.22e)
A˙ = 2, 5, 7, I˙ = 1, 3, 4, 6, 8, α = 1, . . . , 10 (5.22f)
where {JA} = {JA˙, JI˙} are the currents of the invariant su(3) subalgebra of T2. The so(3)12x ⊂
su(3)3x generated by {JA˙} is not the so(3)2x in the invariant subalgebra of A. From (5.22) we
verify that
A2 = T2
3 = (AT2)
2 = 1l (5.23)
and the same S3 group table (see Table 1) and conjugacy classes (5.17) are obtained with P→ A
and T1 → T2. It follows that, for the S3 triality orbifold
Aso(8)(S3(A,T2))
S3(A,T2)
(5.24)
we may choose the twisted sectors so(8)/A(8; 5) and so(8)/T2 given above as the representatives
for sectors σ = 1 and 2 respectively.
5.6 The triality orbifold Aso(8)(S3(A˜,T1))/S3(A˜,T1)
Our last S3 triality orbifold is the most intricate of the three.
We begin by defining the action ω(A˜) of the outer automorphism A˜
Jα˙β˙(z)
′ = Jα˙β˙(z), Jµ˙ν˙(z)
′ = Jµ˙ν˙(z), Jα˙µ˙(z)
′ = −Jα˙µ˙(z) (5.25a)
Jα˙8(z)
′ = Jα˙8, Jµ˙8(z)
′ = −Jµ˙8(z) (5.25b)
α˙, β˙ = 1, 2, 3, µ˙, ν˙ = 4, 5, 6, 7 (5.25c)
which (like the automorphism A) is permutation-equivalent to A(8; 5) in (3.22). Relative to the
notation of Subsec. 3.1, we have decomposed the so(7) vector label µ as {µ} = {α˙, µ˙}. A more
convenient form of this action is:
ω(A˜)Jµν(z) = Ω(A˜)µµ′Ω(A˜)νν′Jµ′ν′(z), µ, ν, µ
′, ν ′ = 1 . . . 7 (5.26a)
ω(A˜)Jµ8(z) = Ω(A˜)µµ′Jµ′8(z) (5.26b)
Ω(A˜)α˙β˙ = δα˙β˙, Ω(A˜)µ˙ν˙ = −δµ˙ν˙ , Ω(A˜)α˙µ˙ = Ω(A˜)µ˙α˙ = 0 . (5.26c)
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Then it is not difficult to check that
gα˙µ′ν′Ω(A˜)µ′µΩ(A˜)ν′ν = gα˙µν , gµ˙ν′ρ′Ω(A˜)ν′νΩ(A˜)ρ′ρ = −gµ˙νρ (5.27a)
(ρA˙)µ′ν′Ω(A˜)µ′µΩ(A˜)ν′ν = (ρA˙)µν , (ρI˙)µ′ν′Ω(A˜)µ′µΩ(A˜)ν′ν = −(ρI˙)µν (5.27b)
A˙ = 1, 2, 5, 6, 11, 12, I˙ = 3, 4, 7, 8, 9, 10, 13, 14 (5.27c)
where gαβγ are the octonionic structure constants in Eq. (3.27b) and {ρA} = {ρA˙, ρI˙} is the
trace-orthogonal g2 basis given explicitly in App. C.
Finally, we use the relations (5.27) together with Eqs. (3.28a), (3.32) to compute the action
of A˜ in the T1 basis
ω(A˜)
(
JA˙(z), JI˙ (z), J
±
α˙ (z), J
±
µ˙ (z)
)
=
(
JA˙(z),−JI˙(z), J∓α˙ (z),−J∓µ˙ (z)
)
(5.28a)
ω(T1)
(
JA˙(z), JI˙ (z), J
±
α˙ (z), J
±
µ˙ (z)
)
=
(
JA˙(z), JI˙ (z), e
∓ 2pii
3 J±α˙ (z), e
∓ 2pii
3 J±µ˙ (z)
)
(5.28b)
ω(A˜T1)
(
JA˙(z), JI˙ (z), J
±
α˙ (z), J
±
µ˙ (z)
)
=
(
JA˙(z),−JI˙(z), e∓
2pii
3 J∓α˙ (z),−e∓
2pii
3 J∓µ˙ (z)
)
(5.28c)
ω(T1A˜)
(
JA˙(z), JI˙ (z), J
±
α˙ (z), J
±
µ˙ (z)
)
=
(
JA˙(z),−JI˙(z), e±
2pii
3 J∓α˙ (z),−e±
2pii
3 J∓µ˙ (z)
)
(5.28d)
ω(T1
2)
(
JA˙(z), JI˙ (z), J
±
α˙ (z), J
±
µ˙ (z)
)
=
(
JA˙(z), JI˙ (z), e
± 2pii
3 J±α˙ (z), e
± 2pii
3 J±µ˙ (z)
)
(5.28e)
A˙ = 1, 2, 5, 6, 11, 12, I˙ = 3, 4, 7, 8, 9, 10, 13, 14, α˙ = 1, 2, 3, µ˙ = 4, 5, 6, 7 . (5.28f)
where {JA} = {JA˙, JI˙} are the currents of the invariant g2 subalgebra of T1 and we have also
decomposed the 7’s of g2 as {J±α } = {J±α˙ , J±µ˙ }. From the action (5.28), we verify that
A˜2 = T1
3 = (A˜T1)
2 = 1l (5.29)
and the same S3 group table (see Table 1) and conjugacy classes (5.17) are obtained with P→ A˜.
It follows that, for the S3 triality orbifold
Aso(8)(S3(A˜,T1))
S3(A˜,T1)
(5.30)
we may choose the twisted sectors so(8)/A(8; 5) and so(8)/T1 given above as the representatives
for sectors σ = 1 and 2 respectively.
In a sense, this third S3 triality orbifold is a surprise. We have checked that the phases
Eα0
′ = eiφ0Eα0 of the fixed or invariant simple root operators Eα0 in the realization of the Dynkin
automorphisms are as recorded in Fig. 1, where the solid double arrows denote the three S3 triality
orbifolds we have now constructed. The diagram shows clearly that the relative simplicity seen
above for the vertical pairings is correlated with paired trivial or paired non-trivial phases of the
fixed simple root operators. For the third orbifold, however, we have mixed a trivial phase for the
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Z3 with a non-trivial phase for the Z2. The phases of the Z2 automorphisms are further discussed
in App. E.
P
Eα0
′ = Eα0
T1
Eα0
′ = Eα0
A
Eα0
′ = −Eα0
T2
Eα0
′ = e−
2pii
3 Eα0
✻
❄
✻
❄
✟✟
✟✟✯
✟✟✟✟✙ ❍
❍
❍
❍
❍
❝❝
❝
❝
❅
❅
 
 α0
q
q
Fig. 1: Phases of Eα0
′ for the S3 triality orbifolds.
The diagram in Fig. 1 also suggests the existence of a fourth S3 triality orbifold corresponding
to the dashed line, but we have proven (see App. E) that no such fourth S3 orbifold can be
constructed.
Although all our orbifolds are consistent on the sphere, they should also be checked against
modular invariance on the torus – but this is beyond the scope of the present paper.
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A Outer automorphisms and invariant subalgebras
g/h
i A2r/Br = su(2r + 1)/so(2r + 1)
ii A2r−1/Dr = su(2r)/so(2r)
iii A2r−1/Cr = su(2r)/Cr=su(2r)/sp(r)
iv Dr+1/Br = so(2r + 2)/so(2r + 1)
v Dr+1/[Bn ⊕Br−n] = so(2r + 2)/[so(2n + 1)⊕ so(2(r − n) + 1)]
vi E6/F4
vii E6/C4
viii D4/G2 = so(8)/g2
ix D4/A2 = so(8)/su(3)
In the form g/h, this table gives the inequivalent realizations (homogeneous gradations) of the
Dynkin automorphisms of simple g in terms of their invariant subalgebras h. To our knowledge
this information appeared first in Table 5 of Ref. [30]. The first seven entries of the table are
of type Z2 (ω
2 = 1), where g/h is a symmetric space, while the last two entries are of type Z3
(ω3 = 1). Different entries for the same g are inner-automorphically equivalent (see e.g. Ref. [13])
because each entry represents the same Dynkin automorphism of g. Nevertheless, the twisted
sector corresponding to each entry on each g is physically distinct.
The cases i) and ii) complete to su(n)/so(n), identified in Ref.[13] as the charge conjugation
automorphism C on su(n), and the corresponding charge conjugation orbifold on su(n) is also
discussed in that reference. The present paper discusses the twisted sectors and orbifolds corre-
sponding to all the outer automorphisms on so(2n), including P (entry iv), {A(2n; r), r = odd}
(entry v), T1 (entry viii) and T2 (entry ix).
When realizations differ on the same g, the difference is in the phases of the fixed simple root
operators under the Dynkin automorphism (see e.g. Ref. [13]). As an example consider so(2n ≥ 6)
in the Cartan-Weyl basis, with simple roots and Cartan generators:
α(i) = ei − ei+1, i = 1, . . . , n− 1, α(n) = en−1 + en (A.1a)
hi ≡ ei ·H, i = 1 . . . n . (A.1b)
Then we have checked in particular that explicit realizations of the outer automorphisms P and
A ≡ A(2n; 2n − 3) may be completed by starting from the actions on the simple root operators
P
(
so(2n)
so(2n − 1)
)
:
Eα(i)
′ = Eα(i) , i = 1, . . . , n− 2
Eα(n−1)
′ = Eα(n) , Eα(n)
′ = Eα(n−1)
(A.2a)
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A(
so(2n)
so(2n − 3)⊕ so(3)
)
:
Eα(i)
′ = Eα(i) , i = 1, . . . , n− 3, Eα(n−2) ′ = −Eα(n−2)
Eα(n−1)
′ = Eα(n) , Eα(n)
′ = Eα(n−1)
(A.2b)
and hi
′ = hi, i = 1, . . . n− 1, hn′ = −hn for both cases. This computation verifies that the series
in entry v) of the table is outer-automorphic down to and including B1 ≡ so(3). We also give the
generators of the invariant B1 = so(3) ⊂ (so(2n− 3)⊕ so(3)) under the action of A
{E±α(n−1) + E±α(n) , hn−1} (A.3)
because this case is of special interest in the text (See Subsecs. 3.3, 5.5 and 5.6). For the outer
automorphisms on so(8), the phases for the fixed simple root operators Eα0 are shown in Fig. 1.
B Spinor reps of spin(2n)
We consider as examples some standard [31] constructions of Dirac and Weyl spinor reps of
spin(2n).
In the first example, the Dirac gamma matrices {γi} are constructed from n complex fermions
as follows
{bi, b†j} = δij , {bi, bj} = {b†i , b†j} = 0, i, j = 1 . . . n (B.1a)
γi ≡
{
bi + b
†
i i = 1 . . . n
1
i (bi−n − b†i−n) i = n+ 1, . . . , 2n
, {γi, γj} = 2δij , i, j = 1 . . . 2n (B.1b)
γi = γ
†
i =
(
0 Γi
Γ†i 0
)
, ΓiΓ
†
j + ΓjΓ
†
i = Γ
†
iΓj + Γ
†
jΓi = 2δij (B.1c)
γ∗i = γ
t
i =
{
γi i = 1 . . . n
−γi i = n+ 1, . . . , 2n
(B.1d)
where t is matrix transpose. This gives the Dirac spinor rep {Dij} of spin(2n) and its decompo-
sition into the Weyl reps Sij and Cij:
Dij = D
†
ij =
i
4
[γi, γj ] =
(
Sij 0
0 Cij
)
(B.2a)
Sij = S
†
ij =
i
4
(ΓiΓ
†
j − ΓjΓ†i ), Cij = C†ij =
i
4
(Γ†iΓj − Γ†jΓi) . (B.2b)
Each of these reps satisfy the algebra of so(2n) ∼= spin(2n)
[Tij , Tkl] = i(δjkTil − δikTjl − δjlTik + δilTjk), T = D,S or C (B.3)
as expected.
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We know from the text that the automorphic transforms T ′ of T
T ′ = ωT, T = D,S or C, ω = ω(A(2n; r)), r = n, . . . , 2n − 1 (B.4)
also satisfy Eq. (B.3). For these reps we find that T¯ = T ′ when prime is charge conjugation
C = A(2n;n)
(T¯ )ij = −(T t)ij =
{
Tij i, j = 1 . . . n or i, j = n+ 1, . . . , 2n
−Tij i = 1 . . . n, j = n+ 1, . . . , 2n
(B.5a)
= Tij
′, T = D,S or C (B.5b)
where ω for C is given in (3.13a). More generally, charge conjugation gives T ′ ∼= T¯ for all irreps
of any Lie g. Together, (3.18) and the result (B.5) tell us that
spin(4r + 2), C ≃ P : Sij ′ = S¯ij ∼= Cij , Cij ′ = C¯ij ∼= Sij (B.6a)
spin(4r), C 6≃ P : Sij ′ = S¯ij ∼= Sij, Cij ′ = C¯ij ∼= Cij (B.6b)
where prime is charge conjugation. In the language of the text, the Weyl reps are real under C
for spin(4r) and complex under C for spin(4r + 2).
Other representations can be more natural for other automorphisms. Consider for example
the well-known [31] Dirac spinor rep of spin(8):
γi = γ
†
i = γ
t
i =
(
0 Γi
Γ†i 0
)
, Γ∗i = Γi, Γ
t
i =
{
−Γi i = 1 . . . 7
Γ8 i = 8
(B.7a)
ǫ = iτ2 =
(
0 1
−1 0
)
(B.7b)
Γ1 = ǫ⊗ ǫ⊗ ǫ, Γ2 = 1⊗ τ1 ⊗ ǫ, Γ3 = 1⊗ τ3 ⊗ ǫ, Γ4 = τ1 ⊗ ǫ⊗ 1 (B.7c)
Γ5 = τ3 ⊗ ǫ⊗ 1, Γ6 = −ǫ⊗ 1⊗ τ1, Γ7 = ǫ⊗ 1⊗ τ3, Γ8 = 1⊗ 1⊗ 1 (B.7d)
where the Weyl spinor reps S and C are again computed from Eq. (B.2). In this case we verify
that S′ = C and C ′ = S
Cij =
i
4
(Γ†iΓj − Γ†jΓi) =
{
Sij i, j = 1 . . . 7
−Si8 j = 8
(B.8a)
= Sij
′ (B.8b)
Sij = Cij
′ (B.8c)
where prime is the parity automorphism P in (3.7).
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C More about the embedding so(8)x ⊃ so(7)x ⊃ (g2)x
A trace-orthogonal set of solutions {ρA, A = 1 . . . 14} of Eq. (3.28b) is
ρ1 =
1√
2
(e23 − e67), ρ2 = 1√
6
(e23 + e67 − 2e45), ρ3 = 1√
2
(e37 − e14) (C.1a)
ρ4 =
1√
6
(e37 + e14 + 2e26), ρ5 =
1√
2
(e47 − e56), ρ6 = 1√
6
(e47 + e56 + 2e13), (C.1b)
ρ7 =
1√
2
(e16 − e24), ρ8 = 1√
6
(e16 + e24 + 2e35), ρ9 =
1√
2
(e25 − e34) (C.1c)
ρ10 =
1√
6
(e25 + e34 + 2e17), ρ11 =
1√
2
(e12 − e46), ρ12 = 1√
6
(e12 + e46 + 2e57) (C.1d)
ρ13 =
1√
2
(e36 − e27), ρ14 = 1√
6
(e36 + e27 − 2e15) (C.1e)
where the antisymmetric tensors {eij} are defined in (3.1b). Then using JA = (ρA) · J and the
second part of (3.29), one obtains the g2 OPE (3.33a) and the following OPEs
JA(z)Jα(w) =
ifAαβJβ(w)
z − w +O(z − w)
0, fAαβ = −2(ρA)αβ (C.2a)
JA(z)Jα8(w) =
ifAαβJβ8(w)
z − w +O(z − w)
0 (C.2b)
Jα8(z)Jβ8(w) =
kδαβ
(z − w)2 −
iJαβ(w)
z − w +O(z − w)
0 (C.2c)
Jα(z)Jβ(w) =
12kδαβ
(z − w)2 +
2i(gαµγgβγν − gβµγgαγν)Jµν(w)
z − w +O(z − w)
0 (C.2d)
Jα(z)Jβ8(w) = Jα8(z)Jβ(w) =
2igαβγJγ8(w)
z − w +O(z − w)
0 (C.2e)
by direct computation. The rest of the OPEs in (3.33) then follow from (3.32) and (C.2).
In computing (3.33c) we also find an operator term proportional to Jµν , but the coefficient is
6(eαβ)µν − 2gαβγgµνγ − gαµγgβνγ + gβµγgανγ = 0 . (C.3)
A consequence of this sum rule is the identity
bαdβbρdσgαβγgρσγ = b
2d2 − (b · d)2 (C.4)
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for arbitrary 7-vectors b and d. The identity (C.4) allows us to verify the familiar lemma
|AB| = |A||B| =
√
(a2 + b2)(c2 + d2) (C.5)
for arbitrary octonions A and B with modulus |a+ b · i| = √a2 + b2.
Finally, we consider (3.33d). In this case, the terms proportional to Jα8 cancel and the term
proportional to Jµν has the coefficient
−1
2
(eαβ)µν +
1
12
(gαµγgβγν − gβµγgαγν) (C.6a)
= −(eαβ)µν + 1
6
gαβγgµνγ (C.6b)
= −2(ρA)αβ(ρA)µν (C.6c)
where we have used the sum rule (C.3) to obtain (C.6b). The last identity in (C.6c) shows that
the operator term is in g2 and verifies that the totally antisymmetric structure constants satisfy
(3.34) as they should. Octonionic identities of the type shown in (C.3) and (C.6c) are discussed
from a different point of view in Ref. [23].
D More about the embedding so(8)x ⊃ su(3)3x
We list here some identities which we need to obtain the diagonal basis of the triality automor-
phism T2 in Subsec. 3.5. The basic properties of the 3 of su(3) are
T
(3)
A =
√
ψ2
su(3)
2
λA, Tr
(
T
(3)
A
)
= 0, Tr
(
T
(3)
A T
(3)
B
)
=
ψ2
su(3)
2
δAB , A,B = 1 . . . 8
(D.1a)
8∑
A=1
(
T
(3)
A
)
IJ
(
T
(3)
A
)
KL
=
ψ2
su(3)
2
(δILδJK − 1
3
δIJδKL), I, J,K,L = 1, 2, 3 (D.1b)
where {λA} are the Gell-Mann matrices and ψ2su(3) is the root length squared of su(3).
Using the definitions in the text, we find the identities(
T adjA
)t
= −T adjA ,
(
g±α
)t
= −g±α , α = 1, . . . , 10 (D.2a)
Tr
(
T
(10)
A
)
= Tr
(
T adjA g
±
α
)
= Tr
(
g±α g
±
β
)
= 0, Tr
(
g±α g
∓
β
)
= −18ψ4
su(3)1lαβ (D.2b)
where t is matrix transpose. The matrix 1l in (3.47b) is the true identity matrix in the 10 × 10
space because
1lIJK;LMNBLMN = BIJK , α = {IJK} = 1, . . . , 10 (D.3)
for any symmetric rank 3 tensor B.
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We also find the commutation relations
[T adjA , g
+
α ] = −
(
T
(10)
A
)
αβ
g+β , [T
adj
A , g
−
α ] = −
(
T
(10)
A
)
αβ
g−β (D.4a)
[g+α , g
−
β ] = 6ψ
2
su(3)
(
T
(10)
A
)
αβ
T adjA , [g
±
α , g
±
β ] = −3ψ2su(3)g˜αβγg∓γ (D.4b)
and the tensor g˜αβγ (see (3.47a)) is fully antisymmetric. Also useful are the sum rules∑
α
{(
g+α
)
ij
(
g−α
)
kl
+
(
g−α
)
ij
(
g+α
)
kl
}
= 18ψ4
su(3)(eij)kl + 6ψ
2
su(3)
∑
A
(
T adjA
)
ij
(
T adjA
)
kl
(D.5a)
g˜αγδ g˜γδβ =
∑
A
(T
(10)
A T
(10)
A )αβ =
∑
A
(T¯
(10)
A T¯
(10)
A )αβ . (D.5b)
In the text, the identities of this appendix are used with ψ2
su(3) =
2
3 .
E Nonexistence of a fourth S3 triality orbifold on so(8)
In Sec. 5, we constructed three S3 triality orbifolds on so(8) and in Subsec. 5.6 we mentioned
the possibility of a fourth S3 triality orbifold on so(8) based on any P˜ ∼= P and the triality
automorphism T2. We now present a proof that no such S3 can be constructed.
We begin by noting some properties of the Z2 outer automorphism P˜: Since it is a Z2 automor-
phism, all of the eigenvalues of ω(P˜) are ±1. Furthermore, we know that any outer automorphism
P˜ ∼= P on so(8) will leave an so(7) subalgebra invariant. Therefore, ω(P˜) has eigenvalue +1 with
multiplicity 21, and eigenvalue −1 with multiplicity 7. As we shall see, it is this fact which makes
it impossible to generate an S3 from P˜ and T2.
To understand this, let us assume the opposite, namely that it is possible to generate an S3
from P˜ and T2. Then we have the following necessary and sufficient identities:
T2
3 = P˜2 = (P˜T2)
2 = 1l (E.1a)
⇒ ω(P˜)2 = 1l, ω(P˜)ω(T2) = ω(T2)2ω(P˜) . (E.1b)
In the T2 basis developed in Subsec. 3.5, we know the explicit, diagonal form of ω(T2)
ω(T2) =
 1l8 0 00 η1l10 0
0 0 η21l10
 , η = e− 2pii3 (E.2)
where the diagonal blocks correspond to the action on the currents (JA(z), J
+
α (z), J
−
α (z)) respec-
tively. Using Eq. (E.2), we find that the general solution ω(P˜) of the relations (E.1b) is
ω(P˜) =
 A8 0 00 0 B10
0 C10 0
 , A28 = 1l8, B10C10 = 1l10 (E.3)
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and so the 20× 20 submatrix B˜ satisfies
B˜ ≡
(
0 B10
C10 0
)
, B˜2 = 1l, Tr(B˜) = 0 . (E.4)
It follows that B˜ has 10 eigenvalues +1 and 10 eigenvalues −1, and hence ω(P˜) (if it exists) has
at least 10 eigenvalues −1. We have now reached a contradiction because, as we explained above,
ω(P˜) must have exactly 7 eigenvalues −1. It follows that there is no fourth S3 triality orbifold on
so(8).
We note in passing that the other Z2-type automorphism, namely ω(A), passes the S3 test
above as it must: Because ω(A) leaves so(3) ⊕ so(5) invariant, it has 13 eigenvalues +1 and 15
eigenvalues −1.
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